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Abstract 

In this paper we study the Weil-Petersson (WP) geodesies with narrow 
ending data and develop techniques to control length-functions and twist 
parameters along them and prescribe their itinerary in the moduli space. 
This class of geodesies is rich enough to provide for examples of closed 
WP geodesies in the thin part of moduli space, as well as diverging WP 
geodesic rays with minimal filling ending lamination. 

We show that the strong asymptotic class of rays with narrow ending 
data and bounded annular coefficients is determined by the forward end- 
ing data, generalizing the Recurrent ending lamination theorem of Brock, 
Masur and Minsky for WP geodesic rays recurrent to the thick part of 
moduli space. 

As an intermediate step we characterize all the stable hierarchy reso- 
lution paths in the pants graph of the surface. 
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1 Introduction 

The Weil-Petersson (WP) metric on the moduli space of Riemann surfaces is 
an incomplete Riemannian metric with sectional curvatures asymptotic to both 
and —oo in the completion. It is a metric of higher rank in the sense of Gromov, 
see |BF06j . These features prevent applying most of the standard techniques 
available in the study of the global geometry and dynamics of complete metrics 
with negative curvature bounded away from zero and rank 1 metrics (for exam- 
ple see jPPlOj . |Ebe72| ) to the WP metric. The main theme of this paper and 
the previous work of Brock, Masur and Minsky (see |BM08| jBMMlO] [BMMTT] ) 
is to apply combinatorial techniques from low dimensional topology to study 
the global behavior of WP geodesies. 

In |BMM10] the authors introduce a notion of ending lamination for WP 
geodesic rays. They show that the ending lamination determines the strong 
asymptotic class of a WP geodesic ray recurrent to a compact subset of moduli 
space. They show that there are WP geodesies dense in the moduli space. In 
[BMMllj . a more explicit connection between the combinatorics of the ending 
laminations of a WP geodesic and its behavior was established, using which they 
get estimates on the number of closed geodesies of a bounded length in compact 
subsets of moduli space. In this paper we prove the following two results about 
the behavior of WP geodesies: 

Theorem 1.1. Given any compact subset of moduli space K, there are closed 
Weil-Petersson geodesies not intersecting IC. 

Theorem 1.2. Starting from any point in the moduli space there are uncount- 
ably many diverging WP geodesic rays with minimal filling ending lamination. 
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By the Poincare recurrence theorem almost every WP geodesic ray is recur- 
rent to a compact subset of moduli space, however the above theorem exhibits 
the abundance of WP geodesic rays diverging in the moduli space in an interest- 
ing way, more precisely these geodesies diverge in the moduli space by getting 
closer and closer to a chain of completion strata. 

Given a WP geodesic g : (a, h) -> Tcich(5) denote the ending data associated 
to its forward trajectory (?|[o,b) by = v^{g) and the one associated to its 
backward trajectory 5|[o.a) by = v^{g)^ each of is either a lamination or 
a partial marking. 

To each subsurface Y <Z S that is not a three holed sphere, there is an 
associated subsurface coefficient denoted by 

dy(l/~,J/+) 

which is the distance in the curve complex of Y between the projections of v~ 
and for more details see f|2] 

An A — narrow condition on the ending data is a constraint on the set of 
subsurfaces with large subsurface coefficient, more precisely a pair (i/~,z/+) is 
A— narrow if every non-annular Y Q S with 

dyiv^ ,v+) > A 

is non-separated i.e. is a connected subsurface with complement consisting of 
only annuli and three holed spheres. 

We prove the following generalization of the Ending lamination theorem of 
recurrent WP geodesic rays in [ BMMIO : 

Theorem 1.3. (Narrow ending lamination theorem) The strong asymptotic 
class of a WP geodesic ray with narrow ending data and bounded annular coef- 
ficients is determined by the forward ending lamination . 

The class of geodesic rays with narrow ending data and bounded annular 
coefficients contain rays which are not recurrent to any compact subset of moduli 
space (diverging rays) as well. Hcuristically these geodesic rays avoid quasi-flats 
in the WP metric and exhibit features of geodesic in spaces of negative curvature. 

Subsurface coefhcients are an analogue of continued fraction expansions 
which provide for a coding of geodesies on the modular surface, see for ex- 
ample |Ser85l . Conjecturally these coefficients give extensive information about 
the behavior of Weil-Petersson geodesies in the moduli space. The following 
conjecture was proposed in jBMMlOj : 

Conjecture 1.4. (Short curves) Let g be a Weil-Petersson geodesic with ending 
data (j/^,i^+). Then 

1. For every e > there is A > 0, such that if rfy(i/^,zy+) > A then 
inft ia{g{t)) < e for every a E dY . 
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2. For every A > there is e > 0, such that if inft £a{g{t)) < e then there is 
Y C S such that a e dY and dyiv ,v+) > A. 

Also one would hope for estimates on the amount of time that a curve is 
short (has length less than a given e) along a WP geodesic. 

The WP metric exhibits different features in the thick and thin parts of 
Teichmiiller space, for instance in any thick part the sectional curvatures are all 
bounded away from both and — oo, while in the thin parts the WP metric is 
almost a product metric. So many questions in the study of the dynamics of the 
WP metric reduce to determining the itinerary of geodesies, that is given a WP 
geodesic g one would hope to predict the thick and thin parts of Teichmiiller 
space where g visits, the time that g spends in each, and the order in which g 
visits them. 

After the work of Masur-Minsky and Rafi (see |MM99j |Raf05| |Raf07j and 
|Mas09j for a survey) the above conjecture holds for Teichmiiller geodesies and 
provides for a complete picture of the itinerary of Teichmiiller geodesies. 

The underlying machinery of these results is the Masur-Minsky machinery 
of hierarchies and their resolutions in pants and marking graphs introduced 
in jMMQ . Given a pair of partial markings or laminations (ending data) a 
hierarchy (resolution) paths p : [m,n\ — > P{S) {[m,n\ C Z) between them 
is a quasi-geodesic in the pants graph with certain properties encoded in the 
ending data and their subsurface coefficients. For example corresponding to any 
subsurface Z with large enough coefficient dz{i'^ , v^) there are subintervals of 



[m,n] denoted by Jz, see Theorem 2.11 for the list of properties. 



Brock's quasi-isometry. Theorem |3.3[ asserts that the Bers pants decompo- 
sitions along a WP geodesic trace a quasi-geodesic in the pants graph of the 



surface. When such a quasi-geodesic fellow-travels (see Definition 5.141 a hi- 
erarchy path p we have a correspondence between the parameters along the 
hierarchy path and that of the WP geodesic, which is roughly the nearest point 
correspondence of fellow-traveling paths. In this situation one would hope that 
the hierarchy machinery helps to determine the itinerary of WP geodesies. An 
example would be visiting the thin part of a multi-curve a over the time interval 
corresponding to J„. 

The A— narrow condition on ending data turns out to imply a uniform fellow- 
traveling of a WP geodesies segment and a hierarchy paths with the same ending 
data. In this paper we develop a control for length-functions and twist param- 
eters along these geodesies and show that their itinerary mimic combinatorial 
properties of hierarchy paths. In order to prove our main technical results we 
introduce the following notion: 

Let Z <Z S he a. subsurface with large enough subsurface coefficient then we 
say that Z has (i?, R') — bounded combinatorics over a subinterval [ii, 12] d Jz C. 
[m, n] if for every non-annular subsurface Y C. Z 

dY{p{ll),p{l2)) < R 

and for every annular subsurface ^(7) with core curve 7 inside Z 

d^{p{ii),p{i2)) < R' 
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This condition is a local version of the bounded combinatorics of the ending 
data in |BMMll] which implies that the geodesic stays in the thick part of 
moduli space. 

We say that a subsurface Z has (i?, i?')— bounded combinatorics over a subin- 
terval along a WP geodesic if the geodesic fellow-travels a subinterval of a hi- 
erarchy path where Z has (i?, i?')— bounded combinatorics. In the direction of 
conjecture |1.4| we prove: 

Theorem 1.5. Given positive constants A,R and R' and e > sufficiently 
small, there are constants s{A,R,R',e) and e{A, R) with the following property: 

Let g : [a, b] — >■ Teich(5) be a Weil-Petrsson geodesic segment parametrized 
by arc-length with A— narrow ending data. Let a non-separated subsurface Z (- S 
have {R^ R')— bounded combinatorics over [ti,t2\ C [a,b]. 

If t2 ~ ti > 2s then 

1. £a{g{t)) < e for any a G dZ 

2. £^{g{t)) > e for every j ^ dZ 
for every t ^ [ti + s, ^2 ~ s] . 

In [|6] we use bounded combinatorics interval to isolate annular subsurface 
along a hierarchy path. The twist parameter developed about an isolated an- 
nular subsurface along a WP geodesic is comparable to the one along a fellow- 
traveling hierarchy path. This together with the length-function versus twist 
parameter controls over uniformly bounded length WP geodesies segments we 
develop in fj4]arc main technical tools in fj6] where we prove the above theorem. 

Using the control we develop on length-functions along WP geodesic seg- 
ments and by extracting limits of WP geodesic segments with narrow ending 
data in Theorem |7.2| we provide WP geodesies with prescribed itinerary in the 
moduli space. Itineraries of these rays mimic the combinatorial properties of hi- 
erarchy paths encoded in the ending data. Theorems 1 1 . 1 1 and 1 1 . 2| will follow from 
our constructions in section[7j For similar examples in A^(S'i.i) see jPWWlO] . 
Also see the work of Jeff Brock in [Bro\ . 

In our setting fellow-traveling is part of the combinatorial frame work to 
control length-functions. In |5]we give the following characterization of stable 
hierarchy paths in the pants graph of a surface: 

Theorem 5.8. (Stable hierarchy path) Given A > there is a function D such 
that any A— narrow hierarchy path is D— stable in the pants graph. Moreover, 
given D there is A' > such that if a hierarchy path is D— stable then it is 
A' -narrow. 

In this theorem D : M--^ x — > is the quantifier of the stability, see 
Definition 15. II 

This theorem implies that the Bers pants along a WP geodesic and a hierar- 
chy path with the same narrow ending data uniformly fellow-travel each other 
in the pants graph. 
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Theorem 1.3 follows from our control on length-functions along WP geodesies 
together with some ruled surface arguments as in |BMM10] . The main new 
ingredient in our proof is a kind of geometric limit argument which guarantees 
the existence of an infinite sequence of regions with a definite negative total 
curvature on ruled surfaces with one side on a ray with prescribed itinerary. 
This result helps us to overcome some of the difficulties due to the fact that the 
curvatures of the WP metric are not bounded away from and prove visibility 
of the class of geodesic rays with narrow ending data and bounded annular 
coefficients. 

Outline of the paper: 

Section [2] is devoted to background about curve complexes and some impor- 
tant notions and results in the setting of pants and marking graphs. We also 
recall hierarchical structures on pants and marking graphs and their resolutions 



introduced by Masur and Minsky in |MM00j . In Theorem 2.11 we list the prop- 
erties of hierarchy resolution paths. In this section we also recall the S— hulls 
and their projections from |BKMM12] . 

In section |3] we give some background about the WP metric and synthetic 
properties of WP geodesies. 

In section |4] we provide the proofs of refined version of some of the key 
results in |BMMll] and [WolOS' which we need in this work. Some of them 
were suggested to us by Jeffery Brock. These are mainly based on compactness 
arguments in the setting of the WP metric and are consequences of Wolpert's 
geodesic limit theorem. These results give us a kind of control on development 
of Dehn twists versus length-functions along uniformly bounded length WP 
geodesic segments. 

In section [5] we give a characterization of stable hierarchy paths. These 
are hierarchy paths with narrow ending data. The proof will be through the 
E— hulls and their projections. 

In section[6] which is the heart of our paper, we develop some new techniques 
to control the length-functions and twist parameters along WP geodesies fellow- 
traveling a hierarchy paths, see Lemma |6.8| and Theorem |6.1| The control is 
over a subinterval over which a WP geodesic fellow-travels a subinterval of a 
hierarchy path over which all annular subsurfaces except possibly a few of them 
which consist a multi-curve are isolated. 

In section [7| we provide examples of WP geodesies with prescribed behav- 
iors. Here we use the control on length-functions from S|6]and will need infinite 
hierarchy paths with narrow ending data and a prescribed list of large domains, 
these hierarchy paths are provided in the appendix. Our examples will be ob- 
tained as limits of WP geodesic segments with ending data on a hierarchy path 
with a prescribed list of large domains. 

In section [8] we use ruled surface arguments to prove an ending lamination 
theorem for WP geodesic rays with narrow ending data and bounded annular 
coefficients. A new ingredient in this section is a geometric limit argument. 

The appendix, section[9] is allocated to construction of hierarchy paths with 
a prescribed list of large domains. 
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Notation 1.6. Wc introduce the following notations which we will use through 
this paper: 

We denote a constant depending on other constants as a function of them. 
For example, s{D, R) means that s is a constant depending on constants D and 
R. 

Given C > and K > 1, for functions / and g by / >iK,c 9 we mean that 
^9{x)-C <f{x)<Kg{x)+C 

for every x in the domain of the functions / and g holds. 

Acknowledgment: I am so grateful to my thesis advisor Yair Minsky for 
so many invaluable discussions through which this work has evolved. I would like 
to thank Jeffery Brock who generously contributed some of the ideas in section 
|4j I would like to thank Scott Wolpert for several communications about the 
behavior of Weil-Petersson geodesies near completion strata. 

2 Curve complexes and hierarchy machine 

Curve complex of a surface: Let S = Sg^b be an orientable, compact 
surface with genus g and b boundary components, we define £,{S) ~ 85— 3+5 > 1 
to be the complexity of the surface. 

The curve complex C{S) serves to organize the isotopy classes of essential, 
non-peripheral, simple closed curves on S. 

We start with a surface with complexity at least 1, excluding annuli and 
three holed spheres, to each isotopy class of essential, non-peripheral simple 
closed curves on S is associated a vertex (0— simplex) in C{S) and a fc— simplex 
is associated to fc -I- 1 isotopy classes which can be realized disjointly on S. We 
denote the fc— skeleton of this complex by Ck{S). 

There are two exceptional cases, one holed torus and four holed sphere, 
where 1— simplices (edges) correspond to curves intersecting respectively once 
and twice, which is the minimum possible intersection for curves on there sur- 
faces. 

We make the complex a metric space be making each simplex Euclidean with 
side lengths 1. 

By the main result of jMM99j C{S) equipped with rfc(S) is a 5— hyperbolic 
space in the sense of Gromov, where S depends only on topological type of S. 

Notation 2.1. We introduce the following notations and conventions about 
isotopy classes of curves and subsurfaces of S: 

A curve on S is the isotopy class of a non-peripheral, essential simple closed 
curve on S', that is a vertex of C(S). A multi-curve is the vertices of a simplex 
in C{S), that is a collection of pair- wise disjoint curves. A subsurface of S is 
the isotopy class of a subsurfaces of S. 
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Two isotopy classes of curves a and /3 are disjoint if they can be realized 
disjointly on S. Otherwise, they overlap each other which is denoted by a fh ^5. 
Two multi-curves a and a' are disjoint if any pair of curves a £ a and a' S a' 
be disjoint, otherwise a and cr' overlap. 

Laminations: A closed subset of a hyperbolic surface foliated by geodesies 
is a geodesic lamination. We denote the space of geodesic laminations of S by 

gc{s). 

Each geodesic lamination can be equipped with a measure on transversal arcs 
invariant under isotopies of the surface relative to the lamination. We denote the 
space of measured geodesic laminations of S equipped with the weak* topology 
by MC{S). 

VM.C{S) is the space of projective measured laminations it can be equipped 
with the quotient of the weak* topology on MC{S), for more details see for 
example £EG87 . 

The Gromov boundary of every (5— hyperbolic space has a standard topol- 
ogy. Klarriech shows that the there is a homeomorphism $ from the Gromov 
boundary of C{S) to £C{S) the space of all minimal filling geodesic laminations 
of S and is equipped with the topology it inherits as a subset of 'PA4C{S) with 
the above topology. 

Here we elaborate a result of Klarriech which describes the relation between 
a sequence of curves going off to the Gromov boundary of C{S) and the accu- 
mulation points of the sequence in VM.C{S). 

Theorem 2.2. ('Kla] Theorem 1.4) If a sequence of vertices in C(){S) limits to 
a point X in the Gromov boundary of C{S) then regarding each element of the 
sequence as a projective measured lamination every accumulation points of the 
sequence in 'PMC{S) is topologically equivalent to <i>(a;). That is their supporting 
geodesic laminations are topologically equivalent. 

An annular subsurface is an annulus Y with incompressible core in 5, which 
is not isotopic into a boundary of S. The purpose of defining complexes for 
such annuli is to keep track of Dehn twisting around their cores, hence one 
would like C{Y) to be Z. However there seems to be no natural way to do this, 
and we will be content with something more complicated which is nevertheless 
quasi-isometric to Z. 

Let Y be the annular cover of S to which Y lifts homeomorphically. There 
is a natural compactification of F to a closed annulus Y obtained in the usual 
way from the compactification of the universal cover S* = by the closed 
disk. Define the vertices of C{Y) to be the paths connecting the two boundary 
components of Y , modulo isotopies that fix the endpoints (isotopy classes of 
arcs relative to boundary). We put an edge between any two vertices which 
have representatives with disjoint interiors. As before we can make C{Y) into a 
metric space with edge lengths f . 

Let a S Cq{S) be the core curve of Y , we write Y = A{a), C{a) — C{Y). 
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The following notions of subsurface projection and subsurface coefficient 
are basic in the Masur-Minsky machinery of curve complexes and hierarchical 
structures on the pants and marking graphs. 

Subsurface projection: Again we treat annular and non-annular subsur- 
faces separately. Given a non-annular subsurface y C 5 wc define 

where V{Cq{Y)) stands for the power set of Co{S) as follows: Given A G QC{S), 
let Any be the collection of all essential curves and arcs obtained by intersect- 
ing A and Y . Then identify all the arcs isotope to each other relative to the 
boundary of F, also curves isotope to each other. The the projection would be 
the boundary of any regular neighborhood of this collection of curves and arcs 
union dY . 

Note that since Cq{S) C QC{S) then in particular we have a projection 

■■ Co{S) ^ ViC^iY)) 

Now we continue by annular subsurfaces. We would define the projection as 
follows: 

If 7 is a simple closed curve in S crossing the core of Y transversely, then 
the lift of 7 to y (the compactification of the annular cover of Y denoted by 
Y) has at least one component that connects the two boundaries of Y. Then 
together these components make up a (finite) set of diameter 1 in C(Y). Let 
77-^(7) be this set. If 7 does not intersect Y essentially (including the case that 
7 is the core oiY) then 77^(7) = 0, as in the case of non-annular subsurfaces. 

Subsurface coefRcient: Now given a, a' C C{S) and Y C S we consider 
the following notion of distance 

dY{(T,(j') = min{dc(y)(7ry(7),7ry(7')) : 7 G cr, 7' G a'} (2.1) 

which provides a useful notion of complexity for curves systems. We it the Y 
subsurface coefficient of a and a' . 

For an annular subsurface Y with core curve a we denote Try = tTq, and 



define the annular coefficients of cr, cr' C C{S) as in (2.1), moreover we would 
denote it by ^^((t, a'). 

Notation 2.3. We introduce the following notations to related (isotopy classes 
of) subsurfaces of a surface S: 

Y C Z simply means F is a subsurface of Z. 

Given a multi-curve a (hY means that a can not be isotoped to the comple- 
ment of y. Y (h Z means that dY rh Z and dZ rh Y, in this case we say Y and 
Z overlap. 
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2.1 The pants and marking graph 

A pants decomposition P on a surface S' is a maximal collection of disjoint 
curves in C{S). A (partial) marking fj, consists of a pants decomposition which 
is the base of the marking and is denoted by base(/i) together with an element 
of C(a) for (some) every a G base/i. Any such element is represented a curve /? 
called by the transversal curve to a. j3 intersects no other curve in P — a and 
has a minimal intersection number 1 or 2 with a depending on 5 — (P — a) be 
respectively a once punctured torus or four holed sphere. 

By a result of Bres, see [BuslOj . given any S there is a constant Ls (Bers 
constant) such that each x S Teich(S') posses a pants decomposition (Besr pants 
decomposition) such that any curve in that pants decomposition has a geodesic 
representative of length at most Ls- Moreover, any curve in a Bers pants 
decomposition id called a Bers curve. Note that the constant only depends on 
the topological type of S. By the Collar Lemma there are only finitely many 
Bers pants decompositions on the surface S. 

A Bers marking is obtained from a Bers pants decomposition by adding 
transversal curves of minimal length. 

Pants graph: It is a graph P{S) each vertex of which is the isotopy class 
of a pants decompositions, each edge correspond to two pants decompositions 
which differ by an elementary move. Pants decomposition P and P' differ by 
an elementary move if P' is obtained from P by fixing all the curves in P and 
replacing one curve a with another curve a' which have minimal intersection 
number (1 or 2). Giving each edge length 1 defines a distance denoted by d 
on P{S). It is almost immediate from the definition of elementary moves on 
pants decompositions that for any P, Q G P{S) and any non-annular subsurface 
Y <ZS 

dY{P,Q)<d{P,Q) (2.2) 

We will use this inequality frequently later on in this paper. 

Marking graph: It is the graph M [S] whose vertices correspond to mark- 
ings and its edges correspond to markings which differ by an elementary move. 
An elementary move on marking roughly speaking is either an elementary move 
on the base of marking or is an interchange of a curve in the base and its 
transversal. Giving length one to each edge makes marking graph a metric 
space. 

The following theorem plays an important role in organizing the so called 
tight geodesies in curve complexes of a surface and its subsurfaces and inductive 
construction of hierarchies in the pants and marking graphs of a surface. 

Theorem 2.4. (Bounded geodesic imaae) ]MM0O^ 

There is a constant G depending on topological type of S with the following 
property, given Y C. S and a geodesic g : J ^ C{S) such that for every j (z J 

T^Yigii)) ^ (.g(j) Y) then 

diamc(y)({g(j)}je.7) < G 
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In the rest of this subsection we recall some results in the context of pants 
and marking graphs which we use often in this paper. 

Distance formula: There is Mi > such that for any A > Mi, there are 
constants K > 1 and C > such that: 

diP,Q)-K,c {dY{P,Q)}A (2.3) 

YCS 
non-annular 

where d{P, Q) denotes the pants distance between P,Qe P{S) and the sum is 
over all non-annular subsurfaces. Here we denote 
r 1 ( a A < a 
= I A>a 



Remark 2.5. Distance formula (2.3) holds for the marking distance as well 
summing up over all subsurfaces, including annular ones. 

Theorem 2.6. (Behrstock inequality JjBehO^ 

There is a positive constant Bq with the property that for W, Z Q S such 
that W &\ Z and a partial marking /i such that ^ &\ U,V we have 

mm{dY{dZ,^i),dzidY,fi)} < Bo 

We recall the consistency theorem from |BKMM12] . Note that there this 
theorem is stated and proved for markings. It is straightforward to see that all 
the arguments go through for pants decompositions by considering only non- 
annular subsurfaces (excluding all annular subsurfaces). 

Theorem 2.7. (Consistency) (fBKMMlM Theorem 4.3) 

Given Fi,F2 > 1, there is F such that if a tuple {xy)y<zs of xy G C{Y) 
where Y is non-annular satisfy the following two conditions: 

1. IfY(\]Zthenmm{dY{xY,dZ),dz{xz,dY)}<Fi, and 

2. IfY<ZZthendY{xY,'r^Y(xz))<F2 

Then there is P G P{S) such that for every Y Q S 

dY{P,XY) < F 

Remark 2.8. Note that given a partial marking /i, the tuple of xy = 7ry(/i) 
satisfies the above two conditions with Fi = Bq and F2 = I, where Bq is the 
Behrstock constant. 

Definition 2.9. (Partial order in pants and marking graphs) Fix a tuple {xy)ycs 
satisfying the consistency conditions in Theorem |2.7[ Then we define the fol- 
lowing two notions of partial orders with respect to {xy)y<zs- 

(i) By Y Z, we mean that F ftl Z and (iy(a;y, dZ) > k{Fi + 4). 
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(ii) By Y <fc Z, we mean that Y (h dZ and dyixY^dZ) > k{Fi + 4) 

It is almost immediate from the definition that Y Z =^ Y Z, but 
not the other way round. 

Also if fc > ; then Y Z Y Z, and similarly y <fe Z Y <; Z. 

As we will see in Proposition |2.14| these notions of partial order are closely 
related to a partial time order along hierarchy paths. The following theorem 
provides for some useful transitivity properties of the partial order defined above. 

Theorem 2.10. fWKMMlS^ Lemma 4.I) 

Given an integer fc > 1, let {xy)ycs be a tuple satisfying the consistency 
conditions and consider the partial order defined by it. 

Let U,V and W be subsurfaces such that xu,xv,xw 7^ then we have: 

1. If U -<fc V and V ^2 W then U -<k-i W , also if ^ is a partial marking, 
and if U V and V <C2 then U ^k-i 

2. If U <^k V and V <C2 W then U <C/c-i W, also if is a partial marking, 
and if U <Cfc V and V ^2 M then U <Cfe-i /i. 

3. If U (\] V and both U <S^k o-nd V <S^k fJ- for a partial marking fj,, then U 
and V are -<k-i —ordered, that is, either U ^k-i VorV ^k-i U. 

2.2 Hierarchies and their resolutions in the pants and 
marking graph 

The complete hierarchies of tight geodesies in curve complexes of subsur- 
faces of a surface were introduce by Masur and Minsky (see M MOOj . |MinlO| . 
[BKMMT2]). A hierarchy is the result of an inductive construction by con- 
sidering geodesies in the curve complex of all subsurfaces showing up as the 
complement of curves along a geodesic in the curve complex of a surface. Al- 
though in most of this paper we use only hierarchy resolution paths, having 
a good picture of the structure of hierarchies themselves would be extremely 
useful for the reader to follow our arguments in this paper. 

Given a geodesic h in C{Y), some times we refer to Y as the support of h 
and denote it by D{h). Let ,v'^) be a pair of partial making or lamination 
in S, a complete Hierarchy of tight geodesies H with ending data j/"*") is a 
collections of tight geodesies in the curve complex of S and the curve complexes 
of its subsurfaces, in what follows we list the properties which describe the 
inductive and layered structure of the hierarchy H, see the above references for 
more details: 

1. There is a unique main geodesic gs with D{gs) = S, whose endpoints lie 
on base(i^~) and base(j^"''). 

2. For any geodesic h G H other than gs, there exists another geodesic 
k € H such that, for some simplex v € k, D{h) is either a component of 
D{k) — V, or an annulus whose core is a component of v. We say that 
D{h) is a component domain of k. 
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3. A subsurface in S can occur as the domain of at most one geodesic in H. 

Infinite iiierarciiies: An infinite hierarchy is one in which there are infinite 
rays or Unes in the curve complexes of subsurfaces. Note that in this case 
each of z/^ can the union of minimal, filling laminations supported on disjoint 
subsurfaces. Then each lamination is the limit of an infinite geodesic in the 
curve complex of a subsurface. 

The so called hierarchy resolution paths in pants and marking graphs would 
comprise a set of transitive quasi-geodesics in the pants (marking) graphs of the 
surfaces with constants depending only on the topological type of S. In ^J5]we 
will characterize all stable hierarchy resolution paths in the pants graph. 

A pants graph resolution of a hierarchy H is a. path in the pants graph 
denoted by p : [n,m\ — > P{S), where [m,n] C Z. It has the property that for 
any i G [m, n], p{i) and p(z+l) differ by an elementary move (have pants distance 
1). Similarly a marking graph resolution of iJ is a path of clean markings such 
that any two consecutive markings differ by an elementary move. For a hierarchy 
path we denote |p| = {p{i) : * G [n, m]} which is a subset of P{S). 

Any hierarchy path consists of slices of a hierarchy. Each slice is union 
of vertices from geodesies whose supporting domains consist a tower of nested 
domains, note that domains are not necessarily connected. 

In the following theorem we list properties of these quasi-geodesics, see also 
[BMMTT , the main feature of these properties is that are encoded in the ending 
data and their subsurface coefficients: 

Theorem 2.11. (Properties of pants hierarchy resolution paths) 

Given , i'^), partial markings or laminations, there are hierarchy (resolu- 
tion) paths p : [m,n] — >■ P{S) {[m,n\ C N) with ending data (iy~,i>^) satisfying 
the following list of properties: 

1. (Component domain) There are non-annular subsurfaces Y (- S and con- 
nected interval Jy C [m,n] such that for every i G Jy dY C p{i)- 

2. There is an Mi > such that an essential, non- annular subsurface Y ^ S 
with dylv^ jV^) > Ml is a component domain of any p with ending data 
(z.-,^+). 

3. Given a component domain Y , there is a geodesic gy C C{Y) such that 
for each j G Jy there is v £ gy such that v G p{j) {v gy (1 p(j))- 

4-. (Monotonicity) Let i,j € Jy and i < j then 7ry(p(i)) < Try{p{j)) as 
vertices on gy . 

5. There is M2 > with the following property: Given Y and W be compo- 
nent domains of p with W (h Y let Jy = then for every i G J\y 
either dy(p{i),p(j-)) < M2 or dy{p{t), p{j + )) < M2. 

In particular, if i > then dy{p{i), p[j'^)) < M2, and if i < then 
dy{p{i),p{r))<M2. 
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6. For any subsurface W S , for any i € [m, n] there is x € hul\w{i^ , v^) 
such that 

dw{p{i),x) < M2 

also for any X G \wllw{t^ ,i^^) there isi E [m,n] such that the above bound 
holds. Here \m\\w {v^ , ) is the convex hull of Tryy{i>^) and nw^iy^) in 
CiW). 

In other words, hMllwii'~ ,1^^) and ttwUpD have M2 H aus dor ff distance 
inC{W). 

Properties (1), (3) and (4) in the list follow from the structure of hierarchies 
and how we resolve them. Properties (2) and (5) follow from Lemma 6.1 (large 
link) in |MMOO] . Property (6) is established in the proof of Lemma 5.14 in 
IMinlOj . 

Remark 2.12. A marking hierarchy resolution path p : [m, n] M (S) ([to, n] C 
N) with ending data , i^^) satisfies the same list of properties as pants hier- 
archy resolution paths except in properties (l)-(6), subsurfaces Y and W could 
be an annular domain as well. 

Definition 2.13. (Time order) Given component domains Y and of a hier- 
archy path p we say F < if 

sup Jy < sup Jw 

The above notion of partial time order of component domains of a hierarchy 
path is closely related to the partial orders introduced in Definition 2.9 more 
precisely we have the following proposition: 

Proposition 2.14. Let M — max{Afi, A/2, -Bo}- Given partial markings p and 
/i'. If drip, p') > Ml, dyip^p') > Ml and Y &\W then either 

1. Y W with respect to /i and W Y with respect to p' and Y < W, 
or 

2. W <M Y with respect to p and Y <m W with respect to p and W < Y 
This proposition follows from Lemma 4.18 in [MMOOj . 



2.3 S— hulls and their projections 

In this section we recall the notion of S— hull and projection on it from 
[BKMMT2]. This projection is coarsely the closest point projection on the 
E— hull as a subset of the pants graph of the surface. Note that in |BKMM12] 
theses notions are introduced in the context of marking graphs. Other places 
were variations of this projection have been used are [Beh06 ,[BM08 , BMMTT]. 

Given pair of partial markings or laminations (i^^, and e > define 

• Ee(j^",i^+) = {P P{S) ■■ dH/(P,hulW(!^",/^+)) < e for every non- 
annular W C S} 
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where h.ullw{'^~ ,'^~^) is the set of all geodesies in C{W) connecting 7rvy(i/~) 
to TTwi'^'^)- Note that because of hyperboHcity of C{W) all of the geodesies 
connecting ttw{i^~) and itw{i'~^) fellow-travel each other in C{W). 

Theorem 2.15. ( \BKMM12^ Proposition 5.2) There is F depending only on 
the topological type of the surface such that for every e > F there is a projection 

n : P{S) S,(i/",zy+) 

with the following properties: 

1. For every non-annular subsurface Y Q S 

dy(nP,hullw(j^",J^+)) < F 



2. n|j, is uniformly close to the identity. 

3. n is coarse-Lipschitz. 

Remark 2.16. This theorem has been stated in [BKMM12] in a slightly dif- 
ferent way also it has been stated and proved in the context of marking graph. 
But again it is straightforward to see that all of their arguments go through in 
the context of pants graph excluding all annular subsurfaces. 

They show that given ending data there are constants Fi and F2 

such that the tuple {xy)y<zs where each xy G C{Y) is a nearest point to ■ky{P) 
on hully(i^^, satisfies the consistency conditions in Theorem 2.7 Therefore 



there is a constant F and a pants decomposition denoted by HP satisfying (1). 



Remark 2.17. Using the distance formula (2.3 1 HP coarsely minimizes the 



distance between P and the I]e(i^ ^i^^) in the pants graph. 



3 The Weil-Petersson metric and its synthetic 
properties 

The Teichmiiller space of a surface S consists of all complete, finite area 
marked hyperbolic metrics on the surface up to isotopy. A marking of a hyper- 
bolic surface a; is a homeomorphism [h : S ~> x), then two marked hyperbolic 
surfaces {hi : S ~^ xi) and (/12 : S ^ X2) are isotopy equivalent if there is an 
isometry f : xi X2 such that f o hi is isotopic to 

We denote the Teichmiiller space of S by Teich(S'). 

The mapping class group of the surface S, which we denote it by Mod(S') 
consists of all orientation preserving diffeomorphisms of S up to isotopy, 

Modes') = Diff+(S')/Diff°(S') 
Modes') acts on Teich(S) by remarking as follows: 
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An element / S Mod(5') maps the marked hyperbolic surface {h : S ^ x) to 
the marked hyperbolic surface (/~^ o h : S ^ x). 

The moduli space of S is the space of hyperbolic metrics on S up to isotopy 

M{S) = Teich(S')/Mod(S') 
Given e > the e— thick part of Teichmiiller space 

{x e Teich(S') : inj(a;) > e} 

where inj(x) is the injectivity radius of the hyperbolic surface x. The e— thin 
part is {x S Teich(5') : inj(x) < e}. 

Moreover, given a multi-curve a ( a simplex in C{S)) we define the following 
regions in Teichmiiller space: 

• Vc(tT) = {x g Teich(S') : £a{x) < e for any a e a} 

• C/c_e'(cr) = {x e Tcich(5) : £a{x) < e for any a £ a and (ia'{x) > e' for 
every a' ^ a} 

Here we recall some properties of the Weil-Petersson metric and its geodesies 
which will be used in this paper. Some reference for these material are {WollOj . 
|Wol08j . |Wol03| . IMcMOOj . |DW03j . 

Given (pjip G Q.'D{x) = T* Teich(S') the Weil-Petersson co-product is 
defined by 



where p{z)^\dz\'^ is the hyperbolic metric of the marked hyperbolic surface {h : 



This co-product induces a norm on Teichmiiller space via the standard pair- 
ing of quadratic differentials and Beltrami differentials defined by Jg (ffi. 

The Weil-Petersson metric is defined by the polarization of this norm on 
Teichmiiller space. In this paper we are interested in study of the global behavior 
of geodesies of this metric. 

The Weil-Petersson metric is a Riemannian metric with negative sectional 
curvatures which is invariant under the action of the mapping class group of the 
surface. 

It is an incomplete metric, but still geodesically convex which together with 
the negative curvature implies that the completion of Teichmiiller space with 
respect to it, denoted by Teich(S'), is a CAT(O) space, for background about 
CAT(O) space see for example |BH99| . 

Length- functions: Given any a £ C{S) the a— length-fimction 



assigns to x G Tcich(5) the length of the geodesic representative of a on the 
marked hyperbolic surface x. 




S~^x). 



£a ■■ Teich(S') ^ R 



+ 
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There is an extension of the notion of length-function to measured lamina- 
tion, see |CEG87j . for a measured lamination /i we denote the /i— length- function 
by 

Notation 3.1. For a multi-curve cr, a simplex in Co{S), and x G Teich(5') we 
define 

Fenchel-Nielsen coordinates and twist parameters: Given a pants de- 
composition {£-y, 6j)-y^p is the standard Fenchel-Nielsen coordinate which maps 
Teich(S') to O^sp'^t ^ ^^7- ^he first coordinate of the pair R+ x is the 
7— length-function and the second coordinate is the twist parameter of 7. For 
more details about Fenchel-Nielsen coordinates and twit parameters see [BuslOj 
§3. 

The Weil-Petersson completion of Teichmiiller space and the com- 
pletion strata: The incompleteness of the Weil-Petersson metric corresponds 
to finite- length paths in Teichmiiller space along which length- functions of curves 
converge to zero |WollO| . In |Mas76) . Masur gives a concrete description of 
the completion as the augmented Teichmiiller space, obtained from Teichmiiller 
space by adding strata consisting of spaces S{a) defined by the vanishing of 
length- functions {£a = 0}, for each q e cr where tr is a simplex in the augmented 

curve complex C{S) — C{S) U 0. Points in the cr— stratum, S{a), correspond to 
nodal Riemann surfaces z, where (paired) cusps are introduced along the curves 
in cr. 

One can describe the topology via extended Fenchel-Nielsen coordinates as 
follows: Given a pants decomposition P we extend the Fenchel-Nielsen coordi- 
nates (£j,0-y)-y,£p as above to allow length- function take value as well. Then 
take the quotient by identifying (0, 9) ^ (0, 9') in each M+ x M factor. The 
topology near any point of a stratum 5(cr), where cr C P, is such that this map 
is a homeomorphism near that point. 

Then the stratum S{a) is naturally the product of lower dimensional Te- 
ichmiiller spaces corresponding to the complete, finite area hyperbolic pieces of 
the nodal surface z G S{a). 

Theorem 3.2. (N on-refracU on) IDW03fJ WolOSf . [YamOi^ 

Let ( : [0, T] — > Tcich(5') be a WP geodesic segment, and let cr^ and cr+ be 
the maximal simplicies in C{S) such that ^(0) G 5(cr~) and C,{T) G 5(cr+) then 

int{C) C 5(cr" n cr+) 

As a consequence of non-refraction theorem Daskalopoulos and Wentworth 
in |DW03| and Wolpert in (Wol03| show that any pseudo-Anosov element of the 
mapping class group / has an axis in Teichmiiller space equipped with the WP 
metric i.e. there is a bi-infinite geodesic Axf C Teich(S') such that 

dwp{x,fx)^ inf dwp{yjy) 

j/eTcich(S) 
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for every x € Ax/. 

Through the foUowing theorem of Brock the hierarchies of curves complexes 
and their resolution in pants and marking graphs play the main role in our study 
of the global behavior of WP geodesies: 

Theorem 3.3. (Quasi-isometric model) Wro03f 

There are constants i^wp > 1 '"^'^ C'wp > depending on topological type 
of S, such that the map 



which assigns to a marked hyperbolic surface x a Bers pants decomposition 
on X is a {K^p,C^p) — quasi-isometry. 

Notation 3.4. In this paper, given x € Teich(S'), we denote by Q{x) a Bers 
pants decomposition of x and by ^{x) a Bers marking of x. The base of a Bers 
marking is a Bers pants decomposition and the transversal curve to each curve 
in the base has minimum length among all transversals to that curve. 

Gradient of length-functions: Using Riera's formula for the WP paring 
of quadratic differentials Wolpert gives the following estimate for pairing of 
gradient of length-functions: 

Lemma 3.5. IWolOS^ The WP pairing of length-function gradients of disjoint 
geodesies a, /3 satisfies 



where for Cq positive the remainder term constant is uniform for tai^fi ^ Cq. 

Corollary 3.6. Given I and a positive with I > a, there is r = r{l,a) such that 
if ia{x) <l~a and iaix') > I then d-wp{x' ,x) > r. 

Proof. By the above lemma if liaip) — then 



Let u be the WP geodesic segment parametrized by arc- length from x to x', 
let t* be the first time that (.a{u{t)) = I, then la{u{t)) < I for every t e [0,t*], 
thus we have 



Q : Teich(S') ^ P{S) 



< (grad^a,grad£/3) 




||grad^„(p)||wp < (-co + C(co)c4)i/2 



a < \\grade^{u{t))\\wpdt < {H + Cmf Y'^t* 



so t 



* > 




Tj2 and therefore for r(Z,a) = 




the corollary 



follows. 



□ 
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Using the estimates on pairings of the gradient of length-functions Wolpert 
gives an asymptotic expansion for the WP metric near completion strata. These 
expansion shows that there are asymptotic quasi-flats transverse to strata cor- 
responding to any pair of pinching curves. 

Tangent cones at the Weil-Petersson completion strata: The com- 
pletion of Teichmiiller space with the Weil-Petersson metric is a CAT(O) space. 
At any point in a CAT(O) space one can consider the Alexandrov tangent cone 
consisting of equivalence classes of geodesies starting at that point which have 
initial angle in the sense of Alexandrov, for more detail see jBH99] . 

Given a a simplex in C{S), let x be full marking on S — a, consider the map 

where C '■ [0,T] — Teich(S') is a geodesic segment with ^(0) = p E S{(t). Then 
define 

A:C^(27r)V2i^ ddt)) 
at t=o 

Wolpert gives the following description of the Alexandrov tangent cone at p. 

Theorem 3.7. \Wol08^ The map A from the tangent cone of the WP metric 
at p to K>o ^ Teich(5' — a) is an isometry of tangent cones with restriction 
of inner products. A WP terminating geodesic C with root length-function ini- 
tial derivative ^ |(_q^q^^(C(^)) vanishing is contained in the stratum {£a = 0}, 
S{a) c = 0}. " 



3.1 Ending data 

In this subsection we recall the notion of ending data for WP geodesic rays 
introduced by Brock, Masur and Minsky in [BMMll] . We start with some 
background. 

Theorem 3.8. (Convexity of lenath-functions) JWol08^ Given e > there is 
c(e) with the following property: Let g : (a, b) Teich(S') he a WP geodesic 
parametrized by arc-length and a € Cq{S). If for some t G (a, 6) va.]g{t) > e 
{g(t) he a point in the e— thick part of Teichmiiller space) then we have 

L{g{t)) > c{e)Ug{t)) (3.1) 

Similar inequality holds for length of any measured lamination ^, that is 

Remark 3.9. The above estimates are local and only depend on the length 
of the curve a or the measured lamination /j, and the injectivity radius of the 

surface g{t). 

Definition 3.10. (Ending measure) The weak* limit of any weighted sequence 
of distinct Bers curves along a WP geodesic ray r is an ending measure for r. 
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The convexity of length-functions along WP geodesies and some properties 
of CAT(O) spaces as was shown in (BMMll] implies that the following notion 
of ending lamination for WP geodesic rays is well-defined. 

Definition 3.11. (Ending Lamination) The union of pinching curves along a 
WP geodesic ray and the geodesic laminations arising as supports of all ending 
measures of r is the ending lamination of r. 

Definition 3.12. (Ending data of Weil-Petersson geodesies) For each open end 
of a geodesic g : (a, b) — >■ Teich(S') we have an ending data which is a partial 
marking or a lamination. We denote it by i/+(g), the forward end, and v~{g), 
the backward end. 

If g in forward end can be extended to a 6 such that g{h) e Teich(S') then 
we let v~^{g) denote a (partial) Bers marking of g{b) ( there are finitely many of 
them and we pick an arbitrary one). Otherwise, v^{g) is the ending lamination 
of the ray 5|[o,&) as defined above. We define i^~{g) similarly. 

Here we recall a couple of the properties of the ending measures and lami- 
nations proved in |BMM10) : 

Lemma 3.13. (Decreasing length along WP geodesic rays) Let jj, be any ending 
measure of a WP geodesic ray r then £^{r{t)) is a decreasing function. 

Lemma 3.14. Let rn ^ r be a convergent sequence of rays in the WP visual 
sphere at x. Then if /i„ is any sequence of ending measures or weighted pinching 
curves for rn, any representative fi G MC{S) of the limit [/i] of projective classes 
[fin] in VMC{S) has bounded length along the ray r. 



4 Compactness arguments in the Weil-Petersson 
completion of Teichmiiller space 

In this section we study length-functions and twist parameters along se- 
quences of bounded length WP geodesic segments in the WP completion of 
Teichmiiller space. 



In ^4.2 we will prove a modified version of Lemma 4.5 in |BMM11| about the 
development of Dchn twists along sequences of uniformly bounded length WP 
geodesic segments. Theorem |4.6[ further in corollaries |4.12| and |4.11| we give a 
somewhat quantified version of these results. These results are a kind of twist 
parameter versus length-function control along WP geodesic segments. 

The proof uses Wolpert's characterization of limits of sequences of bounded 
length WP geodesic segments in the Weil-Petersson completion of Teichmiiller 
space. In j]4.1| we state Wolpert's geodesic limit theorem and using suggestions 



of Jeff Brock give a modification of that, Theorem 4.5 We need this modified 



version to prove our results in [4.2 These results play an essential role in S|6] 



where we study the itinerary of WP geodesies fellow-traveling hierarchy paths. 
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4.1 Limits of sequences of uniformly bounded length WP 
geodesic segments 

In this subsection we provide a modified version of Wolpert's geodesic limit 
theorem. Denote by tw(cr) the subgroup of Mod(S') generated by Dehn twists 
about the curves in a muhi-curve a. Using the non- refraction of the Weil- 
Petersson completion strata, Theorem |3.2[ and the fact that the quotient of any 
K:((t) by the action of tw(cr) is compact, Wolpert gives the following character- 
ization of the limits of uniformly bounded length WP geodesic segments in the 
Teichmiiller space. 

Theorem 4.1. ^WoMl Let C„ : [0, T] Teich(S') be a sequence of WP geodesic 
segments of length T . Then after possibly passing to a subsequence there exists 
a partition of the interval [0,T] 6t/ — to < < ^2 < ••■ < tk < tk+i — T, 
simplices cfq, ...,(7k+i o,nd for i — I, fc + 1 simplices Ti = ct^-i n Ui in C{S) 
such that Ti = (Tq '^i^d for each l<i<k + lTiC.cri and Tj+i C a.j. Moreover 
a piecewise geodesic 

C : [0, T] ^ Teich(S') 

with the following properties 

1. C{iU-i,t,)) C S{n) for t = 1, k + 1 

2. C{k)eS{a.,),fori^O,...,k + l 

3. There are elements G Mod(S') and Ti.n S tw(cri — U Ti^i), for i = 

1^ ..,k such that ipnO Cn\[o,ti] converges toC|[o,ti] m Teich(S') and similarly 
for each i = 1 , . . , /c 



as n ^ oo 



4- The elements ipn are either trivial or unbounded and the elements 71, „ are 
unbounded. 



5. The piecewise geodesic ( is the minimal length path in Teich(5') joining 
C(0) to ((T) and intersecting the strata S{ai),S{a2), ■■■,S{ak) in order. 

The following two lemmas which were suggested to us by Jeff Brock help us 
to considerably improve the picture of limits of uniformly bounded length WP 



geodesic segments described by Wolpert in Theorem 4.1 see Theorem 4.5 For 
similar results see jWu| . 

Lemma 4.2. Given a sequence of WP geodesic segments Qn ■ [0, T] — )• Teich(5), 
let the piecewise geodesic path ^ ; [0, T] — >■ Teich(5), the partition = to < <i < 
... < tk+i = T , simplices Oi and Ti be as in Theorem \4.1\ Then tq = ti = ... = 

Tk+l- 
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Proof. The proof is by contradiction. For S < minimi ..._fc4_i *' *' ^ by Theorem 



4.1 



(1) C\[ti-S,ti) lifis in the stratum and j.^^-j hes in the Tj+i— stratum. 
Moreover, by (5) their concatenation is distance minimizing among all paths in 
Teich(5') connecting C,{ti ~ 6) to ({ti + S) and intersecting S{ai). 

Now since C|[t;_5^f;+5] is distance minimizing then as Wolpert shows in 
|Wol08) page 328, at the point ({ti) e S{ai) we have the following equahty 
of derivatives of the square roots of a— length-functions for any a G (7^ 



d_ 
~dt 



J]I\^\[U.U+S]) = -^^ i]I\C\[U-8M]) (4-1) 

t=t+ I > J at t=t. I • . >j 



Now let f = Ti. If for every i = 1,2, ...,fc + 1, Ti^i = Ti then the lemma 
follows immediately. 

Otherwise, let i > be the smallest index such that Tj+i ^ Ti, thus there is 
a curve a such that cither a G t,;+i — or a G — r^+i. In the first case since 

" 1 /2 ^ 

CI(ti,ti+<5] C 5(ri+i) we have (C(*)) = for all t G [ti,ti + S], thus for the 



curve a the right hand side of (4.1) is zero. 

Let P be a pants decomposition containing ai (note that Ti, t^+i C ai). Then 
since C S{Ti) and a ^ r^+i the description of the WP tangent cone at 



the completion strata as follows implies that the left hand side of (4.1 1 is non 
zero. 

To see this note that by Theorem I 



3.7 



if iL=t.^"^'(CW) -Othen^y'(CW) 



for all t € [ti — S,ti), but Ti is the maximal simplex such that C([^i ~ ^i)) C 
S{Ti) and a ^ Ti which is a contradiction. 

Therefore, we get a contradiction to the equality of derivatives in ( |4.1[ ). 

Similarly we can get a contradiction in the case a G — t^+i. Therefore, we 
conclude that Ti = Tj+i and the lemma follows. 

□ 

In the rest of the paper we denote 



Lemma 4.3. Let Cn '■ [0, T] Teich(>5') be a sequence of WP geodesic segments, 
let simplices ai for i = 0, fc + 1 be as in Theorem \4.1\ and the simplex f be as 
above. Then for every 7„ = 'y3~^(7) where 7 G (7^ — f and i ~ 1, ...,k the power 
ofD^^ in Ti^n goes to 00 as n ^ 00. 

Proof. For each i = 1, k define 

For each i = 1, fc define the geodesic segments 

Ci,n — fi,n O Cn|[ti_i,ti+i] 



where = ii < ... < < ti+i < ... < tk is the partition from Theorem 4.1 We 
claim that 
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Claim 4.4. There are e > and S > such that for every n sufficiently large 



(i) e < ^7„(G,«(ii ± <5)) < 4e where 7„ G cri,„, and 

(ii) ^a{Ci,n{ti ± <5)) > £ for every a disjoint from cr,j „. 
The claim follows from the limiting picture and contin uity of length-functions. 



To see this, let S < mini=i^....fe+i *' ^ . By Lemma 4.2 the points (.{U ± S) 
are in the interior of 5(f) and CiU) is in S{ai). Thus the continuity of length- 
functions along ^ implies that there are e and S such that: 

(i') 2e < i-yiCiti ± (5)) < 3e for every j & ai — f, and 

(ii') iaiCiU ± S)) > 2e for every a ^ ct, - f 



Moreover, by Theorem 
The continuity of lengt 



4.1 



(3) Ci,n|[j. ^ J.] — 5> C|[t. ^ f] parametrized geodesies, 
i-tunctions tells us that in a converging sequence of points 
in the Teichmiiller space equipped with the WP metric the length-functions 
also converge. Thus for n sufficiently large bounds (i) and (ii) at Ci,n{'ti ~ 3) 
immediately follow from the ones in (i') and (ii'). 



Further, since (pi^n = 7i,„ o i^i_i,„ again by Theorem 4.1 7i,„ o „ | ^ 



M[t t +i] ^ parametrized geodesies. Now again by the continuity of length- 
functions from (i') and (ii') we get: 

e < £-Y„ {%,n o C,n{U + 5)) < 4e for every 7„ S (Ti_„ and ^q(7I,„ o (^iU +S)) > e 
for every a ^ cTiji- 

Now Ti.n G tw((Ti.„ — 'y3i^^(f )) so it preserves the isotopy class and the length 
of every curve which does not overlap cri,„ (either is in ai,n or is disjoint from 
it). Thus the bounds (i) and (ii) hold at Ci.n{U + 5) as well. 

This finishes the proof of our claim. 

Now we continue to prove the lemma by contradiction, fixO<i<fc-fl and 
7 € (Ti — f. Pick Pn to be a curve on d^niU — S) with minimum intersection 
number (1 or 2) with 7„ = fini't) which is disjoint from '4>~n{(Ji- ^) = (Jt,n -ln 
then by the two bounds in above claim and the Collar lemma (see [BuslOj §4.1) 
we have 



hAC^AU - 5)) < uj{e) + C (4.2) 

where C depends only on the topological type of S. Now for any 7„ e Ui^n 
denote by T>^^ the Dehn twist about 7„, if the absolute value of the power of 
in 7i,n be bounded by N then again by the two bounds in the above claim, 
the definition of Dehn twist and the Collar lemma we would have 

^pAC^AU + S)) <Ne + ^{€) + C (4.3) 

Moreover, since •^7„ (Ci,n(ii)) — > as n — ?► oo and /3„ rh 7„ then by the Collar 
lemma 
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ip^iQAU))^^ (4.4) 

oo. 



But (4.4), (4.2| and (4.3) violate the convexity of the /3„— length-function 
along the WP geodesic segment and we get the contradiction and the lemma 
follows. 

□ 

Now for the purpose of reference in this paper we state the following version 
of geodesic limit theorem which are the properties listed in Theorem |4.1| modifIed 
to incorporate lemmas [4.2| and [473) 



Theorem 4.5. (Geodesic limit) Let C„ : [0,T] Teich(S') he a sequence of WP 
geodesic segments of length T . Then after possibly passing to a subsequence there 
exists a partition of the interval [0, T] by — to < ti < t2 < ■■■ < tk < tfc+i = T, 
and simplices CTq, Cfc+i in C{S) such that for every i, Ui H (Ti+i = f (uo ~ t) 
and a piecewise geodesic 



C : [0,T] ^ Teich(S') 

with the following properties 

1- a{U-i,U)) d S{t) fori^l,...,k + l 

2. C{ti)£S{ai), fori^{),...,k + l 

3. There are elements ipn G Mod(S') andTi,n G tw((Ti — f), fori = 1, .., k such 
that Tpn ° Cn|[o,ti] converges to C|[o,ti] Teich(S') and for each t = 1, .., fc, 

Ti,„ o ... o Ti,„ oip^o Cn\[ti,u+i] Cl[ti,t,+i] 



4-. The elements tpn ore either trivial or unbounded and for every i and 7„ £ 
^Tni'^i) power ofVj^ 



(fi- ^((Ti) the power ofD^^ in the element 7i,n is unbounded. 



5. The piecewise geodesic ( is the minimal length path in Teich(5') joining 
C(0) to C{T) and intersecting the strata S{ai),S{a2), .■.,S{ak) in order. 

For convenience for every i — 0,l,...,fc+ 1 we define: 

'Pi,n=Ti,n° --oTLnOlpn (4.5) 
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4.2 Length- function versus twist parameter control 



In this subsection roughly speaking we show that the sequences of curves on 
surfaces along a sequence of uniformly bounded length WP geodesic segments 
which are getting short are the same as the sequences of curves about which a 
high Dehn twist develops, except possibly at the end points. This result is a 
modification of Lemma 4.5 in [BMMll] . 

Theorem 4.6. Given positive constants eo, T and s, let C„ : [0, r„] — ^ Teich(S') 
be a sequence of Weil-Petersson geodesic segments parametrized by arc-length of 
length 2s < Tn < T. then given a sequence of curves an we have the following: 

1. If there are subintervals Jn C [s,r„ — s] such that 

(a) suptgj^ ^Q„(C„(i)) > eo, and 

(b) inftgj^ ^a„(Cn(0) ^- as rn- oo 

then 

da„(M(Cn(0)),MCn(T„))) ^(X3 

as n ^ oo. 

2. (a) suptg[(, j.^] £a„(C„(i)) > £0, and 

(b) c^Q„(/^(C«(0)),Ai(Cn(T„))) oo as n oo 
then 

as n ^ 00. 



Proof. Passing to a subsequence, trimming the intervals slightly and changing 
the constants we may assume that T„ = T. Then by Theorem |4.5[ after again 
passing to a subsequence, we have a partition of [0,T] with = < < ■•■ < 
= T, simplices CT; for i — 0,1,..., k + 1 in C{S) and a simplex f and a 
piecewise geodesic path 

C : [0, T] ^ Tcich(S') 

for which (^{[ti,ti+i]) is a geodesic segment in S{t) joining the stratum S{ai) 
to 5(tTi+i) and elements Ti.n G tw((Ti — f ) are unbounded in Mod(S'). Assume 
that the conclusion of Theorem 4.5 hold and let (fi^n € Mod(S') be as in (4.5 1. 

We start by setting up some notation, for each i = 0, ...,k + 1 and n let 
be the pull backs of Ui to the C„ picture. For each i — 1, ...,k and n let 
For each i = 0, /c + 1, choose partial markings Hi oi S — Ui such that 
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1. (Ti C base(/ii), and 



2. fii restricts to a full marking of each connected component Yd S — Ui 
with complexity at least one. 

Furthermore, for each i = Q, fc + 1, let fli be an enlargement of fii such that 
base(/}i) = base(/ii) and fli be a full marking of each connected component of 
5* — f of complexity at least 1. Note that each jii differs from /i^ by addition of 
transversals to the components of a.^ — t. 

Further, for each i = 1, fc + 1 define the puUbacks 



and for each i — 0, fc 



We continue to measure the twisting of these markings relative to 7,, 
99 "^(7) for a fixed < i < fc + 1 and 7 G — f. 

We make the following three claims: 



Claim 4.7. 
Claim 4.8. 
Claim 4.9. 



'^lAP'j.m /i^„) is bounded for every j ^ i. 
d'i,iif^t,n^ t^J+i,n) is bounded for all j. 



(4.6) 



00 



To see Claim 



4.7 



note that base(/ij^„) and base(//j „) both contain 



Now we claim that 



In ^ CTj.n 

for any j ^ i 



(4.7) 



Otherwise the length of 7^ along C„ would converge to both at ti and at tj, 
and hence by convexity on of length- functions on all of [ti-i, ti] or [ti, ii+i] (the 
first if j < i a nd t he second if j > i). This contradicts the choice of 7 G Ui — f 
and Theorem 4.5 (1), so we conclude that (4.7) holds. Now 7„ intersects fj,f^ 



nontrivially, so T^A{'y„){pfn) nonempty. Moreover — 7},„(/ij„) where 
Tj.n & tw((Tj), thus the projections of and are a bounded distance 



apart in A{^n), establishing Claim 4.7 



To prove Claim 4.8 note that /ij and l^j+i are full markings of S* — f, where 
their marking distance is some finite number. Hence we may connect them with 
a finite sequence of full markings of 5— f. Applying fjl^, we obtain a sequence of 
the same length connecting /i^^j to mJ+i n through full markings of S—Tj^n- Since 



(Tj,„ C base(/x+„), base(^^_|_^ „), from (4.7) we conclude that all the markings 
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intersect 7„ nontrivially, and this gives a bound on rf7„ A'J+i „), as was 
desired. 

Now we continue to prove Claim [4!9l note that 



4.9 



we 



Thus, after applying (pi^n to all curves in the expression (4.6) in Claim 
get 

Now /ii is fixed and contains 7 as well as a transversal for 7. By Theorem |4.5 
(4) 7i,n contains an arbitrarily large power of I?^,, , thus the claim follows 



Claims 4.7[ 4.8 and |4.9| combine together with the triangle inequality and 



imply that for any 7„ — ip^ ^(7) such that 7 e ct; — f for some i > 

d,Mnm,Kum-^^ (4.8) 

as n — >■ 00 

Now we continue to prove our theorem. 
Proof of (1): 

First we claim that after possibly passing to a subsequence there is 1 < i < fc 
and "1 € (Ji such that a„ = '■P^n{"l)- 

We prove the claim by contradiction, passing to a subsequence we may as- 
sume that J„ converge to a subinterval J. Note that the length of all J„ are 
uniformly bounded below, to see this note that by 1(a) ^a„(Cn(i)) achieves the 
value eo in each J„ and by 1(b) its infimum over J„ goes to as n — >■ 00. So by 
the convergence of lengths J also has a positive length. 

Now recall the partition = to < ii < •■• < ^fc+i, simplicies ai and f from 
the limiting picture. We claim that fc > and in fact for some 1 < i < k ti ^ J . 
If not, then for some i > J is contained within {ti^ti^i) and so C,{J) C S{f). 
Now by 1(b) inftgj^ ^a„(Cn(i)) — as n — 00, thus after possibly passing to a 
subsequence a„ = ip~l^{j3) for some /3 € r, but this implies that a„ has length 
going to at every point of C,n{Jn) which contradicts 1(a). 



Now by the above claim (1) follows from (4.8). 
Proof of (2): 

First we claim that after possibly passing to a subsequence there is < i < 
A; + 1 and 7 € CT; such that a„ = </J~^ (7) . 

We prove the claim by contradiction, fix n and let a„ ^ T.i,„ then a„ rh 
base(/Xi_„) for every i = 0, l,...,fc + 1, thus a„ intersects for every i = 
1. fc+1 and for every i 0, k, moreover assume that a„ ^ Ui=o....,A:+iO'i,i 
then since for each i, = 7i,,i(Ai^„) and 7i,„ € tw(CTi,„) 

is bounded for every i — l,...,k, moreover this bound does not depend on the 
choice of a„ as above. 
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As we saw in Claim 4.8 for every j = 0, fc + 1 

is bounded and again the bound does not depend on the choice of a„ as above. 
Combing the above bounds by the triangle inequality 

is bounded for all n where the bound does not depend on the choice of a. 

Now given a sequence a„ after possible passing to a subsequence either it is 
equal to f^nil) ^^r some ^ & Ui the we are done, if not by the above bound we 
have a bound for relative twist which contradicts 2(b) and the our claim follows. 

By the above claim we need to show that for any 7„ 

Consider the surface Cn(ii) and the curve 7„ = Vi.nil) ^^^^ that 7 £ for 
some I = 0, 1, fc + 1. Applying (^^ „ we have 



Moreover, by Theorem 4.5 (3) we have ^i,n{Cn{ti)) — > ((ti). But (.^{C,(ti)) = 
0, thus continuity of length-functions implies that ^7„(Cn(^i)) — > as n — >■ 00. 
This finishes the proof of (2). □ 

Remark 4.10. Fix a pants decomposition P and let (^7,^?'y)^gp be the corre- 
sponding Fenchel-Nielsen coordinate, let x E Teich(S') be a point with da = Oq 
for some a £ P, let e„ — > 0, consider the following two sequences of WP geodesic 
segments: 

1. Let Xn be point with all coordinates equal to that of x, except 6a = 
9q + 2TX\f^^n and lai^n) — Then the WP geodesic segment [a;,a;„] 
has a uniformly bounded length and da{fJ-{x), fi{xn)) —> 00. 

2. Let Xn be point with all coordinates equal to that of x, except 6a = do 
and ia{xn) = £«• Then the WP geodesic segment [x,Xn] has a uniformly 
bounded length and da{^i{x) , ^{xn)) = 0. 

These two simple examples show that there is no a-priori relation between 
a sequence of q;„— length-function going to zero at the end points of a sequence 
of WP geodesic segments and the A{an) subsurface coefficient of Bers markings 
at the end points of the geodesic segments. Thus the above theorem is sharp. 



Note that in Theorem 4.6 (1) for positive constants s and eo, by the condi- 
tions 1(a) and 1(b) and the mean value theorem applied to the q;„— length- 
functions for n sufficiently large there is t* € J„ such that ^Q„(Cn(iJl)) > 
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rp '^^^^ > rp^2s ■ No'^ from the convexity of length-functions (3.11 £a„{Cn{t)) > 
thus by the maximum principle 

^a„(C„(t))>^.^(i-C) 

over the interval [0, r„]. 

Therefore, since t*^,T — > s, we get a definite lower bound for the 
a„— length-functions at both end points of Cn (Cn(T'n) and Cn(0))- 

We continue to prove two corollaries which are somewhat quantified versions 
of Theorem |4.6| These corollaries provide us with a kind of length-function 
versus twist parameter bounds over uniformly bounded length WP geodesic 
segments which will be used extensively in § [6] 

Corollary 4.11. (large twist =4> short curve) Given positive constants T, Eq 
and e < eo there is N with the following property: 

Let : [0, T'] — > Tcich(5) be a WP geodesic segment of length T' < T such 
that 

1- suptg[o,T'] ^7(C(*)) > eo, and 

2. d^ifi{m),fi{ar)))>N 

Then 

inf £^{C{t))<e 

Proof. The proof is by contradiction. Assume that the corollary does not hold. 
Then there is a sequence of WP geodesic segments C„ : [0,T„] — > Teich(S') 
parametrized by arc-length with length T„ < T and 7„ G C{S), such that 

1- suptg[o^T„] ^7„(Cn(^)) > Co for cvcry n, 

2. inftg[o.T„] ^7„(Cn(^)) ^ e for every n and 

3- c?7„(Ai(Cn(0)),M(C«(7'n))) ^- oo as oo. 



hold together. But this contradicts Theorem 4.6 (2). 

□ 

Corollary 4.12. (short curve large twist) 

Given positive constants eo,T,N and s with T > 2s, there is e with the 
following property: 

Let C '■ [0, T'] — >■ Teich(S') be a WP geodesic segment parametrized by arc- 
length of length 2s < T' < T, 7 G Co{S) and J C [s,T' — s] be a subinterval 
such that: 

1- suptgj^^(C(i)) > eo, and 
2. inftgj^^(C(t)) <e 
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Then 



d^(/i(C(0)),M(C(r')))>A^ 

Proof. The proof is again by contradiction. Assume that the corollary does not 
hold. Then there is a sequence of WP geodesic segments (n '■ [0, Tn] -> Teich(S') 
parametrized by arc-length of length 2s < Tn < T , 7„ £ C{S), subintervals 
Jn C [s, Tn ~ s] and e„ — )■ 0, such that 

1- suptgj^ ^7r.(C«(i)) > eo for every n, 

2. inftgj^ ^7„(Cn(0) < En as n — > oo and 

3. rf^„(A^(C„(0)),M(Cn(T„))) < N for every n. 



hold together. But this contradicts Theorem 4.6 (1). □ 



5 Stable hierarchy paths 

In this section we characterize all hierarchy paths which are stable in the 
pants graph. 

Definition 5.1. (D-Stable subset) Given a function D : M^^ x M^" a 
subset 3^ of a metric space X is called D— stable if for any K > 1 and C > 
a (X, C)— quasi-geodesic h with end points on y be contained in the D{K,C) 
neighborhood of y. Moreover, we call D the quantifier function of stability. 

Brcok and Msure in |BM08j show that for ^(5) = 3 P{S) is strongly relatively 
hyperbolic with respect to the quasi-flats corresponding to separating curves. 

Behrstock, Drutu and Mosher in |BDM09) study thick metric spaces, these 
are metric spaces with rank at least 2 where any two quasi-flats are connected 
through a chain of quasi-flats where any two consecutive quasi-flats in the chain 
has coarse intersection of infinite diameter. They show that thick spaces fail 
to be relatively hyperbolic with respect to any collection of quasi-flats. They 
observe that P{S) in ^(S*) > 3 is a thick metric. 

Let p be a hierarchy path with ending data (1/^,1^+), restricting subsur- 
faces with large subsurface coefficient to non-separated subsurfaces 
turns out to be equivalent to stability. Heuristically these hierarchy paths avoid 
quasi-flats in the pants graph corresponding to separating multi-curves on the 
surface. This is a generalization of stability of the hierarchy paths with bounded 
combinatorics ending data in the pants graph was proved in [BMMll] . 

To be able to save consider amount of work using results in the context of 
E— hulls and present our results in a more general setting we prove the stability 
for S— hulls. In §5.2| we prove that for any e > sufhciently large a E^— hull 
with A-narrow ending data is D— stable. Then the stability of hierarchy paths 
with narrow ending data will follow from the fact that they have a uniformly 
bounded Hausdorff distance from any E^— hull with the same ending data. The 
HausdorfF distance depends only on A and e. We prove the fact about the 
uniform bound on the Hausdorff distance in §5.1| 
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5.1 Narrow ending data 

In this subsection we introduce the notion of A-narrow ending data. Then 
we will show that any hierarchy path with narrow ending data and any Eg— hull 
with the same ending data have uniformly bounded Hausdorff distance in the 
pants graph of the surface, where the Hausdorff distance depends on A and e. 

Definition 5.2. (Non-separated subsurface) A connected subsurface Z C S* is 
called non-separated if any connected component oi S — Z he either an annulus 
or a three holed sphere. 

If Z is not connected or S — Z has connected components other than annuli 
and three holed spheres then we call Z a separated subsurface. 

Definition 5.3. (A— narrow) A pair of partial markings or laminations , /i"*") 
is called A— narrow if every non-annular subsurface Z C S with the property 
that 

dzifi^,^^) > A 

be a non-separated, non-annular subsurface of S. 

A S— hull with ^—narrow ending data is called an A— narrow E— hull. Sim- 
ilarly, a hierarchy with A— narrow ending data is called an A— narrow hierarchy. 

In the rest of this subsection we show that a E— hull and any hierarchy 
path with the same narrow ending data are within a uniformly bounded Haus- 
dorff distance of each other in the pants graph. We fix the constant M = 
max{Afi,M2,So}. 

Theorem 5.4. (T,—hull of narrow ending data) 

Given e > M and A > 2M + 2e there is A = A{A, e) such that the Hasudorff 
distance of a T,^ — hull and a hierarchy path p with the same A— narrow ending 
data {v^ , v^) is less than A. 

Proof. Let p : [m,ri] — > P{S) and i € [m, n] then for every non-annular domain 



Y (- S Theorem 2.11 (6) says that there is xy € hully(i^^, i^+) such that 
dy(p(i),a;y) < M2 < e. Thus from the definition of Eg— hull and since e > M2 
we have p{i) G Tj^{i/^ , i^+), consequently 

IpI CE,(z.-,z.+ ) 

We continue by the following lemma: 

Lemma 5.5. There is d = d{A, e) with the property that given P G Y,^{v~ , v^) 
there is j € [m, n] such that for every non-annular Y <Z S we have 

dY{p{j),P)<d (5.1) 

Proof Let e = A + M + 25 + e+l. Define Ey = Ey{P) to be the closure of the 
set {i S [m, n] : dy{P,p{i)) < e}, then Ey is a connected subinterval of [m,n]. 
If we show that Plycs^^ 7^ then for any j £ Clycs^Y' P(^) '^ould 



satisfy (5.1) for every non-annular Y Q S and we are done. 
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Our strategy is to show that for any two subsurfaces Y and W 

EyHEw ^1) (5.2) 

then Hehy's theorem in one dimension (see |Eck93| ) imphes that the inter- 
section of aU the intervals Clycs is nonempty. We continue to prove (5.2 1 
by considering several cases. 

In the case that 

then by hyperbolicity of C{Y) diami'(hully (i^^, i'^)) < A + 26 + 1 where 6 = 
maxycs 6y- Moreover, P e Ej(z^^, thus we have 

dy(P,hully(zy-,iy+)) < e 

Moreover, by Theorem |2.11| (6) for every i e [TO,n] 

dy(p(i),hully(l^-,l.+ )) < Af2 

The above three bounds and the triangle inequality imply that 

dY{p{i),P)<e 

Thus in this case Ey — [m,n] and obviously intersects any other Ei^. 
Therefore, in the rest of proof we assume that 

dy(j/",i^+) > A 

Consider the following collection of subsurfaces: 

• V = V{v-,v+) ^ { non-annular F C 5 : dyiv^ > A} 

Then given Y,W E T) the A— narrow condition implies that either Y rh W, 
Y DW otY CW. 

Note that by Theorem 2.11 (4) (monotonicity) and since A > 2M for each 
F e 2? there are iyjiY ^ '^y such that 



= max{i G [rt,m] : (iy(p(i),;/ ) < M} and 



9 ly = mm 



{i € [n,m] : dY{p{i),v+) < M}. 



moreover iy < «y. Note that by Theorem 2.11 (4) and (5) if i < iy then 



cZy(p(i), V ) < M, also if i > then dy(p(i), J^^< M. 
We continue to discuss the above cases. 

Case 1: Y (hW; 

Without loss of generality assume that Y < W (the case W < Y can be 
treated exact same way). Then from Proposition 2.14 we have the following 
two pairs of inequalities: 

(i) dY{i^',dW) > M and dw{'y~,dY) < M 
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(ii) dw{i^^,dY) > M and dy(z/+,9Vr) < M 

Note that in each pair of inequaUties by the Behrstock's inequaUty, see The- 
orem [Z6l the first inequality imphes the second one. 



Here we claim that if y < then we can choose iy and i-^ such that 



2.11 



iy — ^w- ^'^^ ^^^^ note that by Theorem 2.11 (5) dy < M2 for 

every i G J^y, now since G Jw then < M2. Thus we p ick a 

vertex on gy such that v < i^, now let i G Jy he such that by Theorem 
(4) TTyipiiy)) < w as vertices on gy. 

We will discuss the following three cases and in each verify that 

EwnEy 

Case 1.1: dy{P, y-) < M + e; 
We claim that 

Claim 5.6. Ey ^ [m, iy] 

To see this note that if z < then dy{p{i), i^^) < M, thus by the triangle 
inequality we have 

dy{P,p{i)) < 2M + e 

This implies that i E Ey, because 2M + e < A + AI + e < e (recall that by 
assumption A > 2M + 2e) and the claim follows. 
Now wc claim that: 

Claim 5.7. Ew ^ [m, i^]. 

To see this note that since Y G V then dy{v^ , v^) > 2M+2e, moreover from 
inequality (ii) dy{dW, v^) < M, also in this case dy{P, v^) < M+e. Combining 
the three bounds by the triangle inequality we get dy{P, dW) > e > M, so by 
Behrstock's inequality we have 

dw{dY,P)<M (5.3) 



Now from inequality (i) dw^dY, v ) < M, which combined with (5.3) by the 
triangle inequality implies that 

dw{P,v^) <2M < M + e 

the last inequality implies that Eyy D [m, i^] 



5.6 



Now as we saw in Claim 
and the claim follows. 

Moreover, we have iy < which together with the above two claims implies 
that EwnEy ^ 0. 

Case 1.2: mm{dy{P, iy-),dy{P, 1^+)} > M + e; 

We claim that Ey n [iy,iy] 7^ 0. To see this note that since P € I]e(j'~, i^^ 



there y € huUy (i^ , i^+) such that dy{y, P) < e. Moreover, by Theorem 2.11 (6) 
there is i G [m,n] such that dy{p{i),y) < M2. Thus by the triangle inequahty 
dy{P, p{i)) < M + e and since M + e<A + M + €<e then i G Ey. 
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Moreover, by the triangle inequality v~) > M, therefore i > iy- 

Similarly, we can show that i < iy- Thus i G [V'^y] the claim follows. 
Now we claim that Eyy D [m, i^]. To see this note that from inequality (ii) 
dyidW, i/'^) < M, moreover in this case dyiP, V^) > M + e thus by the triangle 
inequality we get dy(P, > e > M. Therefore, by Behrstock's inequality 



dwiP, dY) < M, which as we saw in Claim 5.7 implies our claim. 

Now since iy < by the above assertions about Ey and E\y we have 
EyClEw ^ 0. 

Case 1.3: dy{P, < M + e; 



An argument similar to Case 1.1 implies that Ey I) [iy,n], moreover since 



Y <W Theorem [2T1] (5) implies that Jw Ey. 

Moreover, it is immediate from definition that Jw D Ew 7^ 0- Thus Ew H 

Ey^9 

Case 2: WCY; 

Recall the constant e = A + M + 2S + e + 1. 
Case 2.1: dy{dW,P) < e - 1; 



By Theorem 2.11 (1) for every i € Jw dW C thus for every i G Jw we 
have 

dyipii),P)<e 

which implies that Jw C Ey. 

Moreover, Jw n Ew 7^ I)- Thus Ew^Ey =^i!). 

Case 2.2: dy{dW,P) > e - 1; 



By Theorem 2.11 (6) the Hausdorff distance inC(F) of gy and hully(j^^, 
is less than M2, moreover since P G I]e(i^ , 1^^) then dy{P, hully(;^^, i'^)) < e. 
Let x'y be a nearest points on gy to 7ry(P). Then by the triangle inequality 
dy{x'y,P) < M + e. 

Now let h he a geodesic connecting TTy{P) to x'y, we claim that h does not 
intersect the 1— neighborhood of dW. Otherwise, dW would have distance at 
most 

dy{P,x'y) + l< l + (A/ + e) 

to Try{P), see Figure [T]. But this contradicts the lower bound in assumption of 
this case. 

By the above claim dW intersects every vertex of h so Bounded geodesic 



image theorem. Theorem |2.4[ implies that 

dwiP,x'y)<G (5.4) 



In the rest of discussion let v be the initial vertex of gy in C{Y) and w be 
its final vertex. 



Case 2.2.1: v < x'y < dW as vertices on gy. 
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CiY) 

Figure 1: Case 2.2: If h intersects the 1— neighborhood of dW then the 
distance in C (F) between Try {dW) and Try (P) would be less than the assumption 
of this case. 



Since gy is a tight geodesic then dW intersects every vertex of gy between 

dw{x'y,v) < G combining this inequality, (5.4 1 



and then by Theorem 



2.4 



and Theorem 2.1l| (5) by the triangle inequality we get 



Note that M2 is a constant larger than £^{S)G. 

Now we claim that Ew D [m,i^]. To see this note that if i e [rriji^y] then 
dw{p{i),t^^) < M, thus by the triangle inequality dw{P,p{i)) < 3Af + e now 
since A > 2M the claim follows. 

Moreover, by Theorem 2.11 (4) (monotonicity) there is i G Ey such that 



i < i^. Thus EwnEy ^ %. 

Case 2.2.2: Xy < dW < w as vertices on gy. 

In this case similar to the previous case we can show that dw{P, v^) < M. 

Which again as the previous case implies that Ew 2 [iw ' • Moreover, 
there is i € Ew such that i > i^. Thus E^ n Ey ^ 0. 

In summary in all the above cases we verified that Ey n Ew ^ 0, thus as we 
explained from Helly's theorem in dimension one the lemma follows. □ 

Now we continue to prove the bound on the Hausdorff distance. 

By the lemma inequality (5.1) holds for every non- annular Y Q S then the 



distance formula (2.3) implies that 



d{p,pU))<c{d) 
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where C{d) is the additive term in the distance formula corresponding to the 
threshold d. 

This bound and the inclusion of \p\ in Se(j/^,i^+) together imply that the 
Hausdorff distance of p and Sg(z/^, v^) is bounded by A = max{e, C{d)}. Note 
that since d depends on A and e, A also would depend on A and e. 

□ 



5.2 Stability in the pants graph 

The following theorem is the main result of this subsection 

Theorem 5.8. (Stable hierarchy resolution path) Given ^ > there is a quan- 
tifier function D such that any A— narrow hierarchy path is D— stable in the 
pants graph. Moreover, given D there is A' such that if a hierarchy path is 
D— stable then it is A' -narrow. 



First note that by Theorem 5.4 given narrow ending data the 
Eg— hull (e > F) and a hierarchy path with the same ending data are within 
a bounded Hausdorff distance. Thus the stability of hull implies that of the 
hierarchy path. Thus we need to show that the hull is stable. 

Our strategy to prove stability of the S— hull is to show that the projection 



n : P{S) ^^{iy~,u+) (e > F) defined in Theorem 2.15 has the following 
contraction property: 

Definition 5.9. (Contraction property) 

Given positive constants R, B and < 1 a subset 3^ of a metric space X is 
(i?, -B, 77)— contracting if there is a map W . X ^ y with the following property: 

For every cc, y G A" if Ila;) > R then 



d{x,y) < r]d{x,Uy) =^ d{Ux,Uy) < B 

Then the standard Morse Lemma argument, see |MM99| Lemma 7.1 and 
[BH99) § IILH.l, implies that there is a quantifier function D depending only 
on i?, B and ry such that y with contraction property is D— stable in X . 

The following proposition is a consequence of an elementary property of 
projections on geodesies in 5— hyperbolic spaces which will be used often in the 
proof of the contraction property of S— hulls, see Lemma [5.12| 

Proposition 5.10. (Tree-like) 

Given Y C_ S , there are dy and Ky with the following properties: 

Let n : Pis) S]c(i^^,;/+) be the projection on Tj— hull for some e > F. 

Then for any P,Q e P(5) ifdY{TlP,UQ) > Ky then 

dy(p,np) + dy(np,nQ) + dy(nQ,g) <dY{P,Q) + s'y (5.5) 

Proof. The proposition follows from the following tree like property in 5— hyperbolic 
spaces, see |MahlOj . Propositions (3.1)-(3.4) for the proof. 
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Given points p, q and a geodesic cr in a 5— hyperbolic space, let p' be a closet 
point projections of p on cr and q' be a closest point projection of q on cr. Then 
if d{p', q') > 16(5 we have 

dip, p') + d{p\ q') + d[q', q) < d{p, q) + 2AS 

Now by Theorem |2.15| in any subsurface y C we have: 

(iy(xy,nP) < F 

where xy is a nearest point to 7ry(P) on hully(j/^, ly^). 

Therefore, the triangle inequality implies that lemma holds for Ky = 16Sy + 
2F and = 24Sy + AF. □ 

Recall that 5y the hyperbolicity constant of C{Y) {Y C S) depends only on 
the topological type of Y, also the constants S'y and Ky in the previous propo- 
sition. Moreover, subsurfaces of S have only finitely many different topological 
types, thus we can consider the following maximums over subsurfaces: 

• S ~ maxycs Sy,K — maxycs Ky, and 6' = maxycs Sy- 

Theorem 5.11. (Narrow hulls are contracting) 

There is a positive constant A only depending on the topological type of S 
with the following property: Given A > A and e > F there are positive constants 
R, B and rj < I such that any Ti^^hull with A— narrow ending data has the 
contraction property. 

Proof. We prove that the projection 11 : P{S) — > Yi^{v^ , v^) defined in Theorem 



2.15 has the contraction property. 

Rather than proving the contraction property of the projection to hulls 
with narrow ending data we prove the following contrapositive of the contraction 
property as is stated in Definition |5.9[ 



• There are positive constants i?, B and 77 < 1 such that 
If d{P, nP) > R then 

d(nP, HQ) > P =^ d(P, Q) > rid{P, nP) 

Lemma 5.12. There is A only depending on the topological type of S with the 
property that for any A > A there is 6{A) such that a Y,^—hull (e > F ) with 
A— narrow ending data has the property that for every Z C S 

dziP,Q)>dz{P,IlP)-S (5.6) 

Let us first see how this lemma implies the contrapositive of the contraction 
property. 



Assume that (5.6) holds for every Z C S then by the distance formula (2.31 
we have 
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d{P,Q) -K,c {dz{P,Q)}A 
z<zs 

non-annular 



zcs 

non-annular 



Recalling the definition of {.}a, for any term in the last sum above we have 



{dz{P,IlP)-6}A> 



A 



A + S 



{dz{P,nP)}A+5 



Moreover, for the threshold Ai = A + 5 the distance formula (2.3) gives us 
Y {dz{P. ^P))a+8 -KuC d{P, nP) 



zcs 

non-annular 



Therefore, we get 



where 77' 



d{P, Q) > T]'d{P, UP) - c 



and c - 



ACi 



C. 



K{A+S)Kx ""-^^ ^ ~ K(A+5) 

Now let R be large enough such that V — v' ~ > 0- Then for any P e P{S) 
with the property that d(P, UP) > R we have 



d{P,Q) > v'{d{P,UP))-c^[{rj' -^)d{P,UP)]-c+{^)d{P,IlP) 
> i-id{P, UP) 



This shows that for the constants R and 77 as above the projection 11 : 
P{S) — > Y,^{v~ ,v'^) has the contrapositive contraction property. 
Now we continue to prove the stated lemma. 



Proof of Lemma 5.12. First we choose A as follows: 



A = K + G + M2^2F 



(5.7) 



Here K = maxycs-^F: G is the bound from the Bounded geodesic image 
theorem. Theorem 2.4 M2 is the constant from Theorem 2.11| (5). Moreover, 
constant F comes from Theorem 12.151 

We fix ^ > A and let (y" ,v^) be an A— narrow ending data. Also fix 
A' = A + 2 A (A, e) -I- 2M2 as the threshold in the distance formula. Here A (A, e) 
is the constant from Theorem 15.41 

To begin note that if 



dz(P,HP) < ^' + 2(Pi -f 4) 
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Then for S ^ A' + 2{Fi + 1), ( |5.6[ ) holds. Thus m the rest of proof we assume 
that Z is a subsurface with 

dz{P,UP)> A' + 2iFi + l) 

We need to discuss the following two cases: 

Caes 1: dziUP.TLQ) > A'; 

Then since A' > K > Kz (5.5 1 imphes that 

dziP,Q)>dz{P,UP)-S' 
where S' = max^i/cs ^w- Thus (5.6) holds for S S' . 
Case 2: dziUP,nQ) < A'; 

In this case Z has no contribution to d{IlP,IlQ). But still if we let B = 
K' + C" , K' and C are the constants in the distance formula corresponding to 
the thresholds A' , then 

d(np,ng) > k' + c' 



thus by the distance formula (2.3) there is a subsurface W S such that 

dwiTlP,nQ) > A' 

Therefore in the rest of proof we can assume that the following three condi- 
tions on subsurface coefficients of subsurfaces Z and W hold 

(i) dz(P,nP) > A' + 4(Fi+4), 

(ii) dz(nP,nQ) < A' and 

(iii) dw{TlP,IlQ) > A' 

and continue to show that there is S depending on A such that inequality 
(IKel) holds for Z. 



Note that by Condition (|iii|) 



dw{UP,nQ) > A' 



Now by Theorem 5.4 there are HP and HQ on a hierarchy path p with the 



ending data (i/ , v'^) such that for A = A{A, e), 

d{IlP, UP) < A and d{UP, UP) < A 



thus by (2.21 



dvi/(nP, nP) < A and dwiUP, UP) < A 
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Therefore by the triangle inequality we have 



dvi/(np,ng) > A' - 2A 



Now by Theorem 2.11 (5) we have 

> A'-2A-2M2 > A 

Now since the ending data , is ^—narrow the subsurface C S' is a 
non-separated subsurface, which excludes the case that W and Z are disjoint. 

Thus we need to discuss the following three cases: W (h Z, W <^ Z and 
Z W. Note that W = Z is essentially Case 1 which was already discussed. 

Case 2.1: W (h Z; 

In this case, let 

• k = k{P) = and 
By the choice of k 



dz{nP,P)> k{Fi+4) 
Moreover, by Condition (pi) we have 



(5.8) 



We claim that 



Otherwise, 



k> k' + 2 



dziUP,dW) < (A:' + 2)(Fi+4) 



(5.9) 



dz{nP, dW) > {k' + 2)(Fi + 4) 

Then using HP to define a partial order, that is let xy = Try (HP) in Defi- 
nition [2]9] we have 



Z <k'+2 W 

Moreover, by Condition ( pli| and since A' > 2{Fi + 4) 

w^2 no 



(5.10) 
(5.11) 



Now (5.10), (5.11) and the transitivity property of <C Theorem 2.10 (2), 
imply that 



z ng 



therefore, 
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dzillQ, nP) > (fc' + l)(Fi +A)> A' 



But this contradicts Condition (ni 



rest of this case we can assume that (5.9 1 holds 



and our claim follows. Therefore, in the 



Now (5.8|, (5.9) and the triangle inequality in C{Z) imply that 



dz{P,dW) > {k- k' ^2){Fi+i) (5.12) 
Now using P to define a partial order, that is let xy = i^yP in Definition 



2.9 (5.121 implies that 



(5.13) 



Moreover, by Condition (hii| 



dn/(np,ng) > A' 



Now since A' > K > Kw ( 5.5 1 implies that for S' = maxycs S[ 



w 



dw{P,Q) > dw{TlP,nQ)-d' 
> A' -6' 



Thus we have 



(5.14) 



for m=lA' - S'\ > 2. 



(5.13), (5.14) and the transitivity property of <C imply that 
Therefore, 



dz{P,Q) > (L^^^^J-fc'-3)(^^i+4) 
> rfz(P,nP)-(fc' + 4)(Fi+4) 



which implies that inequality (5.6) holds for 6 — {k' + 4)(Fi + 4) in Case 2.1. 
Case 2.2: W <^ Z; 

Let H{P, HP) be a hierarchy between P and HP. By Condition ^ and since 
A' > Ml Z is a component domain of H{P,IIP). 

Let a; be a nearest point to ttz{Q) on h.u\\z{P,IlP) and let h he a geodesic 
in C{Z) connecting nziQ) to x, see Figure |2] the left diagram. Moreover, let T 
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be a slice of H{P,IIP) such that dz{T,x) < M2, note that Theorem [2I1] (6) 
guarantees that such a T exists. 

Now since T is a shce of H{P,IIP) by Theorem 2.11| (6) there is y G 
hulV(P,nP) such that 

dw{T,v)<M2 (5.15) 
Now by the definition of projection 11 and Condition ( pli| we have 

dn/(Q,huUvi/(P,nP)) > dvK(nP,nQ) - 2F 

Thus for y € huhvi^ (P, IIP) as above we have 



dw {Q,y)> dw (np, HQ) - 2P 



(5.16) 



Now (5.15) and (5.16) combined by the triangle inequality imply that 



dw{Q,T)>dw{Q,y)-dw{y,T) (5.17) 
>dwiTlP,'nQ)-2F~M2 
> A' -2F- M2 > G 



where the last inequality holds by Condition ( |iii[ ) and since A' > A, see the 
choice of A in (5.7). 



We claim that dW is in the 1— neighborhood of h in C{Z) that is 

dz{dW,h)<l (5.18) 

Otherwise, dW intersects every vertex of the geodesic h in C{Z) which con- 
nects TTziT) to nz{Q) and by the Bounded geodesic image theorem, Theorem 



2.4 TTwih) would have length less than G in C{W) which contradicts (5.171 
above and the claim follows, see Figure [2] the right diagram 



Now we claim that TTz{dW) is in the 1— neighborhood of any geodesic k C 
hullz(t/^, i^+) connecting 7rg(t/~ ) to nz{i'~^)- Otherwise, dW would intersect 
every vertex of k and Theorem 2.4 would imply that dn/(^~,z^+) < G. 



This 



contradicts Condition iim and the claim follows. Thus by the claim we have 



dz{dW,k) < 1 



(5.19) 



(5.18), (5.19) and the triangle inequality in C{Z) imply that h and k have 
distance less than 2 in C{Z), thus 

dz{x,nP)<2 + F (5.20) 
Considering the triangle A{PxQ) in C{Z) the thin triangle property and 



(5.20) imply that 
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C(Z) 



Figure 2: Case 1.2, dW is in the 1— neighborhood of geodesies h and 
\ax\\z{v-,v+), thus dz{x,IiP) <2 + F 



dz{P, Q) > dz{P, UP) ^{2)-5-F 



where S = maxycs Sy- 



This shows that the inequahty (5.6) holds for (5 = 2 + (5 + F 



Case 2.3: Z '^W; 

We claim that dZ is in the 1— neighborhood of any geodesic k C hullvi/(P, HP) 
connecting ttiv{P) to nw{IlP), that is 



dw{dZ,k) < 1 



(5.21) 



To see this note that in this case dZ e C{W) thus if (5.21 ) does not hold dZ 



would intersect every vertex of k then Theorem 2.4 implies that dz{P,IlP) < 
G < A' but this contradicts Condition 

Now let / C hulW(Q,n(5) be any geodesic connecting ttw{Q) to nwi^Q), 
see Figure [3] the left diagram. Condition ( pli| ), (5.21) and the definition of 11 
imply that 

dwidZJ)> A' ~2F-1>1 



therefore dZ intersects every vertex of I, so again Theorem 2.4 implies that 



dziQ,TlQ) < G 

Now considering the quadrilateral □(PQIIPIIQ) in C{Z) since dz{Q, HQ) < 
G, see Figure [3] the right digram, the thin triangle property implies that 



dziP,Q) > dz{P,IiP)-F-~5 



43 



m 



C{Z) 



Figure 3: Case 2.3, dZ is in 1— neighborhood of hulW(nP, HQ), moreover 
■Kwi^P) and TTwiJ^Q) have distance greater than A' > 2 in C{W). Thus dZ 
intersects every vertex of a geodesic connecting Q to HQ, therefor the bounded 
geodesic image theorem imphes that dz{Q^HQ) < G. 



which shows that the inequahty (5.6) holds for 5 = F + (5. 

Therefore the lemma follows by choosing 5 to be the maximum of 5's worked 
out in the above cases. This finishes the proof of Lemma [5.12[ □ 



Finishing the proof of Theorem 5.11 ■ Recall the discussion before Lemma 



5.12 for R, rj depending on A and as we saw in the lemma B = K' -\- C the 
Eg— hull (e > F) with A— narrow ending data {A > A) has the contraction 
property. □ 

Remark 5.13. Note that as A — cxo 

R — > oo, ry — > and B ^ oo 

thus applying the Morse lemma argument we get E— hulls and hierarchy paths 
with worse and worse stability property, that is the corresponding D goes to oo, 
see Definition 15. II 



Proof Theorem \5.8\ We fix e = max{M, F} then Theorem 5.8 for every A > A 
gives us a uniform contraction for every A— narrow E— hull. Moreover Theo- 
rem 



5.4 gives us a uniform Hausdorff distance between a hierarchy path and a 
E— hull with the same A— narrow ending data. These two together imply that 
an vl— narrow hierarchy path is stable with the quantifier function D depending 
only on A. 

We continue to show that for given a function!) there is ^' > such that a 
£>— stable hierarchy path p is A'— narrow. We prove its contrapositive, that is 
there is A' such that if p is not A'— narrow then it is not D— stable. 
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Fix a logarithmic spiral {x{t) = ae^*cosi, y{t) — ae''*sint : t G K} in the 
Euclidean plane, there are Kq and Co for which this curve is a quasi-geodesic. 

Given D : K-^ x K-° — >• K-° there is d such that for any path in the plane we 
can move the logarithmic spiral to put in a position such that intersects the path 
at two points with distance d and does not stay in the D(Kq, Cq) neighborhood 
the path. 



Moreover, by Theorem 2.11 (5) for A' > d ii an ending data , is not 
A'— narrow then there is a quasi-flat corresponding to the separated domain 
with subsurface coeflicient larger than A' in which any hierarchy path p with 
ending data i^"*") and the logarithmic spiral can be put in the configuration 
described above. This shows that p is not £)— stable. 

□ 



5.3 Fellow-traveling 

Definition 5.14. (Fellow-traveling) Given Z? > 0, we say that two parametrized 
paths h : I —?' X and h' : I' ^ X , _D— fellow-travel each as parametrized paths 
or simply D— fellow-travel each other if 

1. For every i € / there is i' £ I' such that d(h(i), h'{i')) < D and vice versa. 
In other words the Hausdorff distance of h{I) and h'{I') are bounded by 
D. 

2. The map assigning to each i £ I any h'{i') such that d{h{i), h' {i')) < D 
be a reparametrization of h' as a quasi-geodesic with constants depending 
only on D and vice versa. 

Moreover, given parametrized path h and h' and interval J G I we say 
that h D— fellow-travel h' over J if there is J' C /' such that h\j D— fellow- 
travel h'\ji as above. 

Theorem 5.15. Given a positive constant A there is D ^ DiA) with the prop- 
erty that any WP geodesic segment g : [a, b] — )■ Teich(S') with A— narrow ending 
data D— fellow travels a hierarchy path p with the same ending data. 

Proof. By Theore m |5.8| jO is Z?— stable for a function D depending on A. More- 
over by Theorem |3.3| (Brock's quasi-isometry) Q{g) is a (i^wPi Cwp)— quasi 
geodesic in P{S). Thus any Q{g) with end points on \p\ stays in the D{KwPi Cwp) 
neighborhood of \p\ in P{S). Moreover, p is a (-fC, C)— quasi-geodesic in P{S) 
with constants depending only on the topological type of S. 

Now Q{g) stays in the D{A) neighborhood of p and both Q{g) and p are 
quasi-geodesic with constants depending on the topological type of S, therefore p 
and Q{g) fellow-travel each other as parametrized paths in the pants graph. □ 

Let Q{g) and p D— fellow-travel each other as parametrized quasi-geodesics 
in the pants graph. For given i £ [m, n] take the smallest interval containing 
every t £ [a, 6] such that d{Q{g{t)), p{i)) < D. Then define Np^g{i) C [a,b] to 
be the Kyjp{2D -|- 1) -|- Cwp neighborhood of the this interval. 
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Uie[m n]'^p,ai^) covers [a, &], thus Np^g defines a correspondence from pa- 
rameters in [m, n] to uniformly bounded length subintervals of [a,b], moreover 
we have 

Proposition 5.16. There are constants K > I and C > depending only on 
D and the the topological type of S such that for any i,j G [TO,n] 



^Haus 



{N{i),N{3))-K,c\i-j\ 



where duaus is the Hausdorff distance of the intervals N{i) and N{j) as subsets 
ofR. 



By Theorem 5.15 this proposition in particular applies to a WP geodesic 
segment with A— narrow ending data and a hierarchy path with the same ending 
data. We say that a Weil-Petersson geodesic g : [a, b] Tcich(5) parametrized 
by arc-length D— fellow-travels a hierarchy resolution path p : I ^ P{S) if Q{g) 
Z?— fellow-travels p in the pants graph. 

6 Itinerary of a Weil-Petersson geodesic segment 

Itinerary of a WP geodesic g in Teichmiiller space refers to list of short curves 
(curves with length bounded by a given sufficiently small e), the time along g 
over which each curve is short and the order in which the short curves appear 
along g. 

In this section we present our results on the control of length-functions and 
twist parameters along WP geodesies with narrow ending data. 

Our main result asserts that on a suitably shrunk subinterval of an interval 
over which all subsurface coefficients except some annular subsurfaces whose 
core curves consist a non-separating multi-curve (boundary of a non-separated 
subsurface) are bounded the length of the core curves are arbitrary small. 

Recall the parameter correspondence map N for the parameters of hierarchy 
path and a fellow-traveling WP geodesic from |5.3[ 



Theorem 6.1. (short curve) 

Given positive constants A, R, R' and an e sufficiently small, there is a con- 
stant s = s(A, R, R' , e) with the following property: 

Let g : [a,b] Teich(S') be a WP geodesic segment with A— narrow ending 
data. 

Let p : [to, n] — >■ P{S) be a hierarchy with the same ending data, assume that 
a non-separated domain Z has (i?, R') — bounded combinatorics over [zi, 12] C Jz, 
moreover let ti E N{ii) and t2 £ N{i2). 

Then if t2 — ti > 2s we have 

iozigit)) < e 

for every t G [ti + s, t2 — s]. 
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Moreover, in Lemma 6.8 (2) we establish a lower bound for the length of all 
the curves which are not in the multi-curve (boundary of Z) , this lower bound 
holds on a much longer subinterval containing the subinterval where the multi 
curve is short. Theorem 11.51 in the introduction follows from these two bounds. 



6.1 Isolated annular subsurfaces 

In this subsection we prove some extra combinatorial lemmas which together 
with the fellow-traveling theorem for hierarchy paths with narrow ending data, 
Theorem |5.15[ give us a combinatorial frame work in which we will be able to 
control length-functions along WP geodesies. 

Definition 6.2. (Non-annular bounded combinatorics over an interval) Given 
i? > 0, let p : [m, n] P{S) be a hierarchy path, then we say that a component 
domain Z has non-annular i?— bounded combinatorics over an interval [«i,«2] C 
Jz C [to, n] if for any essential, proper, non-annular subsurface Y Z we have 

Definition 6.3. (Bounded combinatorics over an interval) Given R, R' > 0, let 
p : [m, n] — >■ P{S) be a hierarchy path, then we say that a component domain 
Z has (i?, i?')— bounded combinatorics over an interval [11,12] G Jz CI [m^n] if 
for any essential, proper, non-annular subsurface Y Z wc have 

c^y(p(^l),p(^2)) <i? 

moreover, for any essential, annular subsurface with core curve 7 G C{Z) we 
have 

d^{p{ii) , p{i2)) < R! 

Remark 6.4. Recall the notion of i?— bounded combinatorics hierarchy path 
with ending data {v~ , v'^) in |BMMll] where for every proper subsurface Y C. S 

drily', 1^^) < R 



The condition in Definition 6.3 is a local version of this condition, because 
we bound subsurface coefficients between two pants decomposition along the 
hierarchy path rather than the ending data. 

Moreover, we bound the subsurface coefficients of the proper subsurfaces of a 
subsurface Z which is not necessarily S, moreover we have independent bounds 
R' and R respectively for annular subsurfaces and non-annular subsurfaces. 

In the following lemma wc show that over a subintrval of a hierarchy path 
where a non-separated subsurface Z has non-annular bounded combinatorics 
the subsurface projection nz gives an effective reparametrization of gz, see 



Theorem 2.11 (3), more precisely in this case tt^ o p is a reparametrization of 



gz as a quasi-geodesic. 
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Lemma 6.5. Given a positive constant R there are constants Kj^ > 1 and 
Cj?, 2i with the following property: 

Let p : [m, n] — > P{S) he a hierarchy path and let Z be a non- separated, 
non-annular domain with non-annular R— hounded comhinatorics over [ii,«2] C 
[m,n]. Then for any i,j e [ii,«2] 

d{pii),p{j)) ^Kn,Cn dz{p{i),p{i)) 
Proof. By the distance formula ( |2.3[ ), 

d{p{i),pU)) ^K,c {dY{pii),p{j))}A 

YCS 
non-annular 



Now since i,j € Jz by Theorem 2.11 (1) dZ C p{i) and dZ C p{j). There- 
fore, for any Y (h Z 

dY{p{i),p{i))<2 

Moreover, since Z has complement consisting of only annuli and three holed 
spheres there is no Y disjoint from Z contributing to the above sum. 

Also since z, j € [ii, 12] C Jz, Theorem 2.11| (4) and the non-annular i?— bounded 



combinatorics of Z over [«i,i2] for any Y Z imply that 

dY{p{i), p{j)) < dY{p{ii),p{i2)) + 2M2 < i? + 2M2 

The above bounds on the subsurface coefficients contributing to the sum 
imply that if we raise A to Ar > max{2M2 + R, 2} we get 

d{p{i),p{i)) ^Ka,Ca dz{p{i),p{j)) 

as was desired, where Kji and Cji are the constants corresponding to the thresh- 
old Afi in the distance formula. □ 

Let p and g _D— fellow-travel each other and N — Ng p be the parameter 
correspondence from |5.3[ Given i,j £ [m,n] let r e N{i) and s £ N{j), then 
by D-fellow-traveling d[p{i),Q{g{r))) < D and d{p(j),Q{g{s))) < D, thus by 



(2.2) for every non-annular subsurface Y Q S 

dY[p{i).Q{g{r)) < D and Q(g(s))) < D 

so 

dy(p(z),p(j)) -laD dY{Q{g{r)),Q{g{s))) 
But such a comparison does not exit for annular subsurfaces, so we consider 



isolated annular suhsurfaces along hierarchy paths. In Lemma 6.7 we prove a 
comparison for the subsurface coefhcient of an isolated annular subsurface along 
p and a D— fellow-traveling WP geodesic which is uniform in D. 
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Definition 6.6. (Isolated annular subsurface) Let p : [m.n] — > P{S) be a 
hierarchy path. We say that an annular subsurface ^(7) with core curve 7 is 
{w, r)— isolated at i G [m, n], if there is a pants decomposition Q such that 7 G Q 
and d(Q,p(i)) < r, moreover there are non-separated, non-annular subsurfaces 
Zi and Z2 with 7 ^ dZi and 7 ^ such that and Z2 have non-annular 
i?— bounded combinatorics over intervals C Jz^ and [i2 — w,i2\ C 

respectively, where ii+w < 12 — w, for the illustration of isolation see Figure |4j 

Lemma 6.7. (Annular coefficient comparison) Given positive constants D,r 
and R there are constants w ~ w(D,r, R) and B = B[D) with the following 
properties: 

Let p : [m, n] — > P{S) he a hierarchy path, let g : [a, h] Teich(S') be a WP 
geodesic parametrized by arc-length D~fellow-traveling p and let ti e N{ii) and 

t2 e N{i2). 

If A{'-f) be {w, r) — isolated at i, then for any two partial markings pi, p,2 with 
base(/ii) — Q{g{ti)) and base(/ii) = Qig{i2)), we have 

^7(^1,^2) ^i,B d^{p{ii) , p{i2)) (6.1) 

Moreover, 



mm{£^{g{t^)),l^{g{t2)} > lo(Ls) (6.2) 

Proof. There is Q with 7 G Q and d{Q,p{i)) < r, moreover by the D— fellow- 
travehng d{p{ii),Q{g{ti))) < D, thus ( |2.2[ ) imphes that for every non-annular 
subsurface F C we have that dY(Q,p{i)) < r and dyiQigiti)), p{i + w)) < D. 
In particular, for Zi, the domain with non-annular i?— bounded combinatorics 
on left, we have the following bounds: 

(*) dz{Q,p{i)) < r and dz[P,p{j)) < D. 

Let w{D, R) = Kii{D + r + Cr -I- 2), where Kn and Ci^ are the constants in 
Lemma 16.51 

Now let P' be a pants decomposition on a geodesic in P{S) connecting p{ii) 
to Q{g{ti)) then 

dz,{P\Q) > dzAp{ii),p{i^)-dzAQ,Pii))-dzMii),P') 

> -^d{p{i),p{i + wj)-CR~r~D 

> 2 



The second inequality follows from the bounds in (*) and Lemma 6.5 and the 
triangle inequality, see Figure [5] The last inequality follows from the choice of 
w. 

Now since 'f ^ Q and 7 ^ dZi the above inequality implies that 7 rh P'. 
Thus, the diameter of the projection to ^4(7) of the geodesic in P{S) connecting 
p{ii) to Q[g{ti)) is bounded above by D, that is d^{Q[g{t{)), p{ii)) < D. Now 
pi is a partial markings with base(/ii) — Q{g{ti)) and 7 iti h&se{pi) then from 
the definition of projection of markings to annular subsurfaces d~f{p{ii), p,i) < 
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Figure 4: Isolated annular subsurface: non-annular, non-separated domains Zi 
and Z2 have non-annular bounded combinatorics respectively on the left and 
the right blue subintervals of length at least w, moreover 7 S Q> so ^(7) is 
(w, r)— isolated at i. 



D + 2. The same argument on the right hand side and for the domain Z2 
gives us d.y{p{ii), /ii) < D + 2. Now by the triangle inequality (6.1 1 follows for 
B = 2{D + 2). 

As we saw above 7 rh Q{g{ti)) and 7 rh Q{g{t2)), now since each curve in 
both Q{g{ti)) and Q{g{t2)) has length at most the Bers constant Lg the lower 
bound (6.2) for the length of 7 follows form the Collar lemma. 

□ 



6.2 Length-function control 



Corollaries 4.11 and 4.12 in f|4]give us a control on the development of the 



Dehn twist about a curve versus the change of its length-function along WP 
geodesic segments. The control is uniform in the length of the geodesic segment 
and the supremum of the length- function along the geodesic segment. 



(6.1) in Lemma 6.7 gives a comparison for the subsurface coefficient of an 
isolated annular subsurface along a hierarchy path and the subsurface coefficient 
of the partial markings at the end points of a WP geodesic segment fellow- 
traveling the hierarchy path. The comparison is uniform in the fellow-traveling 
distance D. 

We use these technical tools in this subsection to prove our main results 
about the control of length-functions and twist parameters along WP geodesic 
segments with narrow ending data. 

Lemma 6.8. (Rough upper bound) 

Given positive constants D, R and R' , there are constants s — s{D, R), e = 
e{D, R') and I ~ 1{D, R') with the following properties: 

Let p : [m, n] — >■ P{S) he a hierarchy path, assume that a non-separated 
domain Z has {R^ R') — hounded combinatorics over [11,12] C Jz- 

Let g : [a, b] — >■ Teich(S') be a WP geodesic parametrized by arc-length which 
D— fellow travels p, moreover let ti S N{ii) and t2 € N{i2). 

Then if t2 — ii > 2s 

1- ^a{g{t)) < I for every a £ dZ and 
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2. ijig{t)) > e for every -f ^ dZ 
for every t G [ii + s, ^2 — s] . 

Proof. Given r > assume that an annular subsurface ^(7) is (w, r)— isolated 
at zo G [ii,*2] where w — w{D,r,R) is the constant from Lemma 6.7 and Z is 
the non-annular bounded combinatorics domain on both sides. Let K and C 
be th e constants for the parameter correspondence map Np^g form Proposition 
5.16 and let s — Kw + C. Let to S A^(«o), moreover pick G N{iQ + w) and 

G N{io — w) such that tQ~t^= 2s. 

By Lemma |6.7| we have 

min{£^{g{t^)),£^igito))} > uj{Ls) (6.3) 

and, for B = B{D) 

d^iniio + w),n{io - w)) Xi^B d^{fi{g{4)),fi{g{t^))) (6.4) 

Claim 6.9. There is s' < s such that if inf^^j^- j+j l^{g{t)) < '^^■-^^^ then the 
infimum is realized in the interval [t^ + s',t(| — s']. 

We have — t^ = 2s so the claim follows from the bound (6.3 1 and Corollary 

EH 

We start by establishing the lower bound (2) for the length of every 7 ^ dZ, 
which is the following: 

There are s — s{D, R) and e — l{D, R') such that for every 7 ^ dZ 

£^{git)) > I 

for every t £ [ti + s,t2 — s] 

Let r = and w = w{D,0,R) and s = Kw + C {K and C are the constants 
for the map N). Let G [ii + w, «2 — w], to G N{io), G N{io — w) and 

G N{io + w) be as above. 

We continue to show that there is a lower bound for the length of 7 at g{to). 

If £j{g{to)) > Ls then we already have the lower bound. Otherwise, 7 G 
Q{g{to))j thus ^(7) is (w, 0)-isolated at iq where the non-annular bounded com- 
binatorics domain on both sides is Z. 

By Claim (6.9) and Corollary 4.12 there is l < Ls such that if 



M e^{g{t))<e 



then 



d^{fi{g{t^)),fi{g{t+))) >R' + 2M2 + B 



(6.5) 



Thus (6.4) and (6.5) give us 



d^{fi{io + ■w),fi{io - w)) > R' + 2M2 
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But by Theorem 2.11 (6) this contradicts the bound on annular coefficients 
along [ii,«2]. 

Therefore, we get the lower bound e for length of 7 at g{to). Now note that 
to € A^(io), also iQ € [ii + w,i2 — w] was arbitrary. Moreover, as we saw in 



Uie[ii+i«,i2-H covers [ti + s,t2 - s]. Thus for s = Kw + C we have 
ij{g{t)) > e for any t £ [ti + s,t2 — s] and the claim follows. Note that since 
— = 2s for any to G [ti + s,t2 — s] then e is uniform over this interval and 
does not depend on the value of the parameter tg. 

We continue to establish the rough upper bound (1). We choose a hyperbolic 
surface x G ^Ls(p(*o)) as follows: 

(*) ^aix) = Ls for every a e dZ and ^ < £q(x) < Ls for every a G 
p{io) - dZ, then Q{x) = p{io), 

(**) Let do = min{r(Ls, ^),r(5^, ^)} then by Corollary 



3.6 



there is 

X such that the bounds in (*) for the length of curves in p{io) hold, and 
dwp{9{to)iX) > do- To see this let a £ p{io) — dZ then if iaigito)) > pick 
X with ia{x) — k^, otherwise ia{g{to)) < and we pick x with ^0,(2:) = Lg. 
note that do does not depend on ig, 

(***) A Bers marking of a;, which we denote it by ^j., is equal to a marking 
slice of any hierarchy H{v~ ,u~^) which has base equal to p{io), note that by 
changing the twist parameters of curves in p(io) we can get such an x. 

Note that there can be several such surfaces. By (*) x has a definite positive 
injectivity radius inj(a;) only depending on Ls- 

Let [x,g{to)] be the WP geodesic connecting x to g{to)- By the £)— fellow- 
traveling of p and g the length of u is bounded by di = Ky^pD + Cwp- 

Let u : [0, d] — >■ Teich(S') be a parametrization of [x,g{to)] by arc-length such 
that u(0) — X and u{d) = g(to) then do < d < di. 

To get a rough upper bound for lengths of boundary components of Z at 
g{to) first we establish a lower bound for the length of every 7 <^ dZ along u, 
then the rough upper bound follows from a simple compactness argument. 

Let D' = K^^pdi -\- Cwp then D' bounds the distance between Q{x) = 
Q{u{Q)) and any Q{u[t)) for t e [0,d]. 

In the rest of proof we let r — D' and w — w{D, D' , R). As before fix 
io € [*i + w,i2 — w], assuming [11,^2] is long enough, and let to S N{io)j t^ G 
N{io — w) and e N{io + w), see Figure^ 

Here we make the following three choices: 



(i) By Claim (6.9) and Corollary 4.12 there is ei < Ls such that if 



inf i^ig{t))<e, 
*e[to ,tj] 

then 

d^ipig{to)),^iigit+)))>R' + 2M2 + B 
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Figure 5: The domain Z has (i?, i?')— bounded combinatorics over the red in- 
terval, y is the point along [a;, g(t)] where the infimum of the 7— length-function 
is realized thus 7 £ Q{y)- These two together imply that 7 is (w, D')— isolated 
at iQ. 



(ii) Let / C [tp , t^] be a subinterval with at least one end point or then 
by Corollary |4 . 1 1 1 there is A^o such that if 



then 



inf , e^{g{t)) < 



(iii) Let e = e{D,R) be the lower bound we established above for i-y{g{to)) 
and every 7 ^ dZ. Then by (**) and Corollary 3.6 there is sq with 
2so < do < d such that if r G [d — so,d] then £j{u{r)) > | and if r G [0, sq] 
then £j{u{r)) > inj(a;). 

if 



4.12 



Then let £2 < min{inj(x), §} be such that from Corollary 

(a) sup^g[^^^^^_^^] ey{u{r)) > min{inj(a;), |}, and 

(b) inf^g[^„_rf_,.„] e^iuir)) < €2 

then 

d^(/i(u(0)), > No + R' + 2M2 + D 

We continue to rule out the possibility that inf,,£[o.d] £j{u{t)) < £2 for some 
7 ^ dZ, where £2 is chosen in (iii). 

The proof is by contradiction, assume that the infimum is less than £2, 
then by choice of sq in (iii) we may assume that the infimum is realized in 
J = [so,d — Sq] that is 

inf £..(u(r)) < £2 (6.6) 

re J 

Now by the choice of £2 in (iii) and since fi^ — /^(^^(O)) and jJ-igito)) = ^{u(d)) 
d^{^l^,^l{g{to)))> N + R' + 2M2 + D (6.7) 



Moreover, by (|6.6[) there is y G u{J) such that 7 e Q{y)- 
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Since the length of u is less than di we have d{Q{y), p{io)) < D' (recall that 
D' — K\fi/pdi + Cwp)- 

Let /i(io — w) be any marking such that base(/i(jo — w)) — p(io ~ w), and let 
^(5(^0)) be any Bers marking on g(tg) then as we saw in the proof of Lemma 

d^{^l{io-w),^i{g{t^))<D (6.8) 

Moreover, by (***) hase{iix) — p{io)- Thus by the bound on annular coeffi- 
cients over [11,12] we have 

d^{fix,piio - w)) <R' + 2M2 (6.9) 



Now (6.7 1, (6.8) and (6.9) combined by the triangle inequality imply that 



Now the choice of A'o in (ii) implies that inf^^j^- ^jigit)) < ei- Thus by 
the choice of ei in (i) 

d^(/i(g(to )), M(5(tJ))) > ^' + 2Af2 + B (6.10) 
Moreover, ^(7) is {w, Z?')— isolated at iq where the isolating domain on both 



sides is Z thus MiAl holds, which together with (6.10) implies that 



d^{p{io + w),fi{io - w)) > R' + 2M2 

but this contradicts the bound on the annular coefHcients over [zi,Z2]. This 
contradiction shows that 

inf e-y(u(t)) > 62 

for every 7 <^ dZ. 

Therefore, we get the lower bound £2 for length of every 7 ^ dZ along u. 
Note that €2 does not depend on the value iq G [ii + w,i2 — w] and to G N{io), 
therefore is uniform along [ii + w,i2 — w]. 

Now consider the set of all WP geodesic segments u of length bounded by 
do and di emanating from x with the property that i^{u{t)) > 62 for every 
7 ^ dZ and every t in the domain of u. Assume that length of a £ dZ goes 
to 00 in a sequence of segments Uk in this set, then since Teichmiiller space is 
locally compact at x after possibly passing to a subsequence Uk converge to a 
WP geodesic segment u emanating from x of bounded by do and di . Moreover, 
by continuity of length functions £^{u{t)) > €2 for every 7 ^ dZ and every t 
in the domain of u. Now let 7 be a curve in C{S) with minimum intersection 
number (1 or 2) with a, then by the Collar lemma (-xi{uk{t)) — ?► as fc — >■ 00 
which contradicts the lower bound we established above. 

Thus, there is a bound I depending only on D and R' such that 



54 



idz{g{to)) < I 

Now io e [h+w, i2-w] and to e -^(«o) were arbitrary, moreover Uie[ii+-u),i2-t«] 
covers [ti + s,t2 — s], thus we get the desired rough upper bound (1) for every 

t ^[ti + s, t2 — s] where s = Kw + C. 

□ 

Corollary 6.10. (Recurrence) Given positive constants A, R and R' there are 
constants s = s(y4, K) and e = e(A, R, R') with the following properties: 

Let g : [a, b] — > Teich(S') be a WP geodesic segment parametrized by arc- 
length with narrow ending data. 

If S has {R, R') — bounded combinatorics over [ti,t2] where t2 — ti > 2s, then 

inj(.g(^)) > e 

for every t <E[ti+ s, t2 — s]. 

Proof. Let D = D{A) be the feUow-travehng distance of g and the hierarchy 
path with same ending data. Let S be the subsurface with (i?, i?')— bounded 



combinatorics then by Lemma 6.8 for every 7 S C{S) (the boundary of S consists 
of only peripheral curves) we have £j{g(t)) > e for every t G [ti + s,t2 — s], which 
means m}{g(t)) > e on this interval. 

Note that for example the middle point of g{[ti + s,t2 — s]) projects to a 
recurrence point to the thick part of moduli space for the projection of g to the 
moduli space. □ 

Remark 6.11. Compare the recurrence corollary to the main result of jBMMll) 
which asserts that for every R > there is e > such that if the ending data of 
a WP geodesic g be {R, i?')— bounded combinatorics then the geodesic is e— co- 
bounded in Teichmiiller space, that is the geodesic projects to the e— thick part 
of moduli space. 

In what follows we use an inductive argument which involves convexity prop- 
erties of length- functions along WP geodesies and Wolpert's estimate for pairing 
of length-function gradients to sharpen the rough upper bound obtained in the 
previous lemma. 

Proof of Theorem \6.1\ We show that: 

Given positive constants /, e and e < e if for a WP geodesic g the length- 
function bounds 

1. daigit)) < I for every a G dZ, and 

2. ijigit)) > e for every 7 ^ dZ. 

hold for every t e [t^, 

Then for any s sufficiently large if i+ — > 2s then for every a E dZ 

ec{g{t)) < e 



55 



for every t e [t + s,t~^ — s]. 

The proof is by induction on \dZ\ the number of boundary components of 

Z. 

Step of induction 

Assume that for any non-separated subsurface Z' with \dZ'\ < \dZ\ if the 
bounds (1) and (2) hold then the above conchision holds. 
The proof breaks into several steps. 

Step 1: We show that given e < e for any s sufficiently large if — t^ > 2s 
then there is a G dZ such that 



for some t & [t^ + s, <+ — s] . 

First we claim that if g\[t- ^t+] stays in the e— thick part of Teichmiiller space 
then there is an upper bound T for length of the interval 

Fix a G dZ, by (1) above la{g{t)) ^ I for every t G thus by the mean- 

value theorem if t+ > j then there is t* e [t~,t+] such that \ia{g{t*))\ < e. 
Moreover, since we have assumed that g\[t- .t+] is in the e— thick part £a{g{t*)) > 
e. 



Now again since g\[t- ,t+] is in the e— thick part then by Theorem 3.8 (3.11 
there is c(e) > for which the differential inequality £a{g{t)) > c(e)£a{g{t)) 
holds on the interval thus the maximum principle implies that 

ia{g{t)) > la{g{t*)) cosh {^/4^{t - t*))) + Ug{t*)) sinh (^^(t - t*))) 

Now by the choice of t* the left hand side of the above inequality is a positive, 
convex function on moreover by the bound (2) above ia{g{t)) < I on 

this interval. So the right hand side is a positive, convex function bounded 
above by / over now it is immediate that there is an upper bound T 

depending only on / and e for the length of the interval [t" , 

The above claim implies that ii —t~ > T then there arc curves which get 
shorter than e at some time along g\t~ ^t+]- 

Moreover, by the bound (2) above component curves of dZ are the only 
curves which can get shorter than e < e along j+j. 

Thus, we conclude that if t+ — > T then there is i G , t+] and a G dZ 
such that 

Ug{t)) < e 

step 2: We show that for any L > 0, if t+ - > {2\dZ\ + 1)L + 2T then 
there is a € dZ such that £a{g{t)) < e on a subinterval of [t~ ,t^] of length at 
least L. 

Consider a partition of [t^ +T,t^ ~ T] to 2\dZ\ + 1 subintervals each one of 
length at least L, then by Step 1 for each of these subintervals there is a time 
at which a component curve of dZ gets shorter that e. Now by the pigeon hole 
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/ S{a) ^\ 

Figure 6: Step of induction: a e dZ is shorter than e' along g\^^- j+j, g' : 

[t~ , t~^] — >■ S{a) connects x and y the projections of respectively g{t^) and g{t~) 
on S{a). For 21 and | the length bounds (i) and (ii) hold for the subsurface 
Z' = Z — a along g' . Then by the assumption of induction the length of every 
a' G dZ' gets shorter than | along g' over a suitably shrunk subinterval of 
[t-,t+]. 



principle there is a G dZ such that £a{g{t)) < e at some time in at least three 
of the partition subintervals. Therefore, by the convexity of length-functions 

on an interval of length at least L. 

Step 3: We show that given e < e for any s sufficiently large if —t^ > 2s 
then igz{g{t)) < e at some t e + s, <+ — s]. 

Fix e' < e which will be determined, let L = s' + 2\/2ne', where s' is the 
following constant: Given I, | and 2e by the assumption of induction for the 
WP geodesic gjjj- j+j we have that for any s' sufficiently large if t+ — i~ > 2s' 
then 

eoz'igit)) < I 

for every t e[t^ + s' , <+ - s']. 

Now by Step 2 if t2 ~ be sufficiently large there is a G dZ such that 
ia{g{t)) < e' on an interval of length at least L. Denote this interval by [i^ , i^]. 

Project g(t~) and git'^) to the a— stratum and denote the projection points 
respectively by x and y. Since the a— stratum is geodesically convex and to- 
tally geodesic in Teich(S') there is a WP geodesic segment g' : S(a) 
parametrized by arc-length connecting x to y. 

Since ta{g{ta)) — ^ ^.nd taisiS-X)) — ^ then by Wolpert's estimate for the 
distance of a point to a stratum (Corollary 4.10 in [WolOS ) we have dwplffCia ), a^) 
V27re' and d^^{g(t'^),y^ < \/2ne'. Moreover, Tcich(5) equipped with the WP 
metric is a CAT(O) space, therefore by the CAT(O) comparison (see jBH99| ) the 
distance between any point on g{[t~, t^]) and its nearest point on g' is less than 
V2^. 

Now we choose e' such that: 

• V2^ < min{r(e, f ), r(2/, l),r{e, f )}. 
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where r is the function from Corollary 3.6 



By the choice of e' we have the following bounds for every t ^ [t , t+] 

(i) £a{g'{t)) < 21 for every a £ dZ 
(h) ijig'it)) > f for every <^ dZ 

Now since a is a non-separating curve the above two bounds and the as- 
sumption of induction implies that for every s' sufficiently large if t+ — > 2s' 
then 

for every a' G dZ — a and every t e -I- s', i+ — s'], see Figure |6] 
Thus again by the choice of e' 

for every t in the interval along g\^^- j+j consisting of the nearest points to 

g'\[t-+s'.t--s']- By the CAT(O) comparison for s" = s + s' + 2-\/27re' we get the 
following bound for the length of every a' G dZ — a 



e 



for every t e [ti + s" , t2 - s"]. 

Moreover, since [ti + s",t2 — s"] C [^qj^q] the above bound holds on this 
interval for a as well. 

This finishes the step of induction. 

Base of induction 

dZ consists of only one non-separating curve a. Let D = D{A) be the 



fellow-traveling distance from Theorem 5.15 



Let g D— fellow-travels p over [?i,Z2] where Z has (i?, i?')— bounded com- 
binatorics, let ti G and ti £ N{ii). Then by Lemma 6.8 there are 
/ — l{D,R),e = e{D,R') and s — s{D,R) with the property that for every 

te[ti + s,t2 - s] 

1- < and 

2. i^{g{t)) > e for every j a. 

Now given any e < e{D, R') Step 1 of the step of induction and the convexity 
of the a— length-function imply that for any s > 2T(l, e) if t2 — ti > 2s then 
^a{g{t)) < e for every t G [ti + s, ^2 — s]- 

□ 
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7 Weil-Petersson Geodesies 



In this section we use the control on length-functions along WP geodesic 
segments from f|6] and the hierarchy paths with prescribed list of large domains 
from appendix to provide examples of Weil-Petersson geodesic rays with certain 
behavior in the moduli space, for example diverging rays and closed geodesies 
in the thin part of moduli space. We also provide a recurrence criterion for WP 
geodesies in terms of ending laminations. 

In §7.1| by extracting limits of WP geodesic segments with ending data 
on a single infinite hierarchy path with narrow ending data we construct WP 
geodesies whose behavior mimic the combinatorial properties of hierarchy paths 
and have a prescribed itinerary. 

In [PWWTO] , the authors construct examples of closed WP geodesies staying 
outside a given compact subset of moduli space in ^{S) = 1. Jeff Brock has given 
examples of diverging WP geodesic rays with minimal filling ending lamination. 

Both constructions start with a piecewise geodesic in the Weil-Petersson 
completion of Teichmiiller space. Then applying high Dehn twists manage to 
replace it with a piecewise geodesic with arbitrary small exterior angles. Further 
a kind of Shadowing lemma gives a single diverging or a closed WP geodesic. 
In these examples the relation between the ending data and the itinerary of the 
ray is not explicit. 

A motivation for these constructions is the results about the behavior of 
Teichmiiller geodesies. Cheung and Masur in |CM06| give examples of diverging 
geodesic rays with uniquely ergodic vertical lamination. Examples of closed 
Teichmiiller geodesies staying in the thin part of moduli space worked out by 
Hamenstadt in |Hamj and Rafi in [Raf] . 



7.1 Weil-Petersson geodesic rays with prescribed itinerary 

Let p be an infinite hierarchy path with narrow ending data {v^ , '^^): then 
r/"*" is a minimal lamination filling a non-separated subsurface Z C S. Consider 
the WP geodesic segment connecting a base point x with Q{x) = ly^ in the 
interior of Teichmiiller space to c„ the maximally nodal hyperbolic surface at 
p{n). We denote this segment by [a;,c„] and denote its parametrization by 
arc- length by r„. 

In the following lemma we show that after possibly passing to a subsequence 
r„ limit to an infinite geodesic ray in the WP visual sphere at x. We denote this 



infinite geodesic ray by rp. As will be explained in Theorem 7.2 the behavior 
of Tp mimics the combinatorial properties of the hierarchy path p. In § 7.2[ 7.3 
|7.4| we use the rays with itinerary prescribed with ending data with a prescribed 
list of large domains to provide for examples of WP geodesies with a specific 
behavior in the moduli space. 

Lemma 7.1. (Infinite ray) Let p : [0, oo) — P{S) be a hierarchy path with 
ending data [v^ ,v^), then after possibly passing to a subsequence the geodesic 
segments [x, c„] converge to an infinite ray in the Weil-Petersson visual sphere 
at X with forward ending lamination . 
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Proof. The proof follows from almost the exact same line in |BM08' for the proof 
of the surjection of the weighted laminations (page 2482-84). Since p is infinite 
in the forward direction there is a subsurface Z such that ly^ = ly' U dZ where 
u' € £C{Z) is determined by the only infinite geodesic of p in C{Z), moreover 
by the narrow condition Z is a non-separated subsurface. 

By the non-refraction theorem, Theorem |3.2[ each one of the WP geodesic 
segments [x, c„] has interior completely inside the Teichmiiler space, moreover, 
by the local compactness of the WP metric at x after possibly passing to a 
subsequence the initial parts of r„ limit to a ray r starting at x. 

We would like to show that r is an infinite ray. Let s„ = — Then for 

each n and t in the domain of r„ we have ^s„p(n)(^n(0) — 1- This follows from 
the convexity of length-functions along WP geodesies and the observation that 
^Snp{n)i^) — 1 ^'^'i ^s„p(n)(cn) — 0. Now assuming that r{t) has finite length T 
we get a contradiction. 

Assume that after possibly passing to a subsequence Snp{n) — > p in the 
weak* topology of A4£{S). We claim that \p\ fills Z. To see this note that for 
n sufficiently large p{n) — dZ U w„ where Vn G gz the infinite geodesic of p, 
then by Theorem |2.2| s„r„ after possibly passing to a subsequence limits in the 
weak* topology of A4C{Z) to a measured lamination p' whose support by is 
equivalent to v' . Thus \p\ C U { some curves in dZ} and the claim follows. 

The claim implies that every 7 with i{'~f,p) = is in dZ ( recall that Z is 
non-separated) . 

Moreover, the length-functions £f_i{x) : Teich(5) x MC{S) — >■ are con- 
tinuous in both X and /x, which implies that for any t < T we have 



(7.1) 



Let cr be the simplex in C{S) such that r{T) e S{a). 

We note that limj_j.7- £^(r(t)) < 1 which implies that for each simple closed 



curve 7 S cr, we have l{^,p) — 0. Otherwise since i^{r{t)) 



would have i^{r{t)) -> 00 which contradict the bound (7.1 ) 



-> as t ~> 
Therefore, 



T, we 



u<ZdZ 

Note that rn{T) — )■ r{T) as n ^ cx). Now we verify the following two claims: 



Claim 1: The points c„ for n sufficiently large lie in S{a). To see this note 
that for n sufficiently large dZ C p{n,), also as we saw above a C dZ, thus 
cr C p{n) for n sufficiently large. Moreover, Cn is maximally pinched at p{n)^ 
and the claim follows. 

Claim 2: The distance from r^iT) to c„ in the completion is diverging. By 
Brock's quasi-isometry we only need to show that d{Q{rn{T)), pin)) — >■ 00. To 
see this note that by the D — D{A) fellow-traveling, Theorem |5.15[ and Brock's 
quasi-isometry every Q{rn{T)) is in distance at most K^^pT + Cwp + D from 
p(0), moreover d{p{0),p{n)) — )■ 00 as n — >■ 00. 
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Now we claim that for any t' > T the points rn{t') converge into the 
tr— stratum. To see this note that we have rn{T) — >■ r{T) S S{a) as n ^ oo, 
by claim 1 above and since iS(cr) is geodesically convex for any n sufficiently 
large [r(T),c„] C S{(t), by claim 2 (iwp(^n(J')j c„) — >■ oo. Now since r„(t') are 
points with fixed distance t' — T from r„(T) the claim follows from a CAT(O) 
comparison for the triangles A(r„(T)r(T)c„). 

Therefore the finite-length geodesic segments r„([0,t']) have endpoints con- 
verging in the completion, and thus these limiting endpoints are the end points 
of a geodesic segment which by the non-refraction theorem its interior lies in 
the maximal stratum containing its endpoints. 

Since one endpoint of each geodesic 7'„([0, t']) is the base surface x, the inte- 
rior of the limit segment lies in the interior of Teichmiiller space. Moreover, the 
approximating geodesies r„([0,t']) which are parametrized by arc- length con- 
verge to the parametrization by arc-length of the limit segment. Thus, the limit 
r(T) of the points f„(T) lies in the interior of this geodesic limit, contradicting 
the assumption that r(T) G S{a). This finishes the proof of that the geodesic r 
is an infinite geodesic ray. 

□ 

In the following theorem we show that the behavior of Tp mimics combina- 
torial properties of hierarchy paths encoded in the ending data. We say that a 
subsurface Z has (i?, i?')— bounded combinatorics over a subinterval of Tp, if Vp 
fellow-travels p over a subinterval where the subsurface Z has {R, i?')— bounded 
combinatorics. 

Theorem 7.2. (Infinite ray with prescribed itinerary) Let p : [0, cx)) — > P{S) 
be an infinite hierarchy path with A—narrow ending data, and rp : [0,cx)) — > 
Teich(S') be the corresponding infinite WP geodesic ray constructed in Lemma 

Given positive constants R and R' and e > sufficiently small there are 
constants s and e such that if a non-separated subsurface Z has (i?, R') — bounded 
combinatorics over an interval of length 2s + a for any positive a then there is 
an interval of length at least a such that 

1- Idzirpit)) < e and 

2. i^{rp{t)) > e for every j ^ dZ 

for every t G . 

Moreover, if there are several domains Z as above then the time intervals 
show up along rp in the same order as the order of intervals along the hierarchy 
path p. 

Proof. For each n the ending data of the geodesic segment r„ — [x, Cn] is 



{p{0),p{n)) which by Theorem 2.11 (5) is A + 2M2 narrow, thus Theorem 



(1) gives the upper bound in (1), and Lemma 6.8 (2) gives the lower bound (2) 



6.1 



note that s <C s and the lower bound holds on a much longer interval. 
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Now the continuity of length-functions on Teichmiiller space impUes that 
along the limit geodesic ray Vp we have the same bounds on length-functions. 
Also the intervals show up in the order in which subsurfaces show up along p. 
We will refer to this ray as a ray with prescribed itinerary. □ 



7.2 Diverging geodesic rays 

In this subsection we construct diverging Weil-Petersson geodesies in the 
moduli space. A ray is diverging if eventually leaves every compact subset of 
moduli space. More precisely 

Definition 7.3. (Diverging ray) Let r : [0,cx)) M.{S) be a ray in the moduli 

space, then r diverges if for every e > there is T e [0, oo) such that r([r, c»)) 
be in the e— thin path of moduli space. 



Theorem 1 1.2 1 in introduction which asserts that there are uncountably many 
diverging rays with minimal filling ending lamination is a consequence of our 
construction in this subsection. 

We use the results and notations from appendix. Let ai,Q!2 € C{S) be 
disjoint, moreover ai,a2 and Q;iUa2 be non-separating on S. Let Xi ~ 5* — ai, 
X2 = S — {ai, 012} and = S — a2. Moreover as in the appendix let each fi 
for j = 1, 2, 3 be a pseudo-Anosov map supported on Xi. 

The constructions of this section are quite general and apply to any collection 
of non-separated subsurfaces which intersect each other in a specific pattern 
(see Figure [?]) , we restrict to the special case to give a simpler and more clear 
discussion. 



Let T = mini=i^2.3 Txiifi) be as in Proposition 9.4 and m be as in Proposi- 
tioniJl 

Consider the function g ; N — > {1,2,3} where q{i) = i (mod 3) and any 
e:N^Z. 



Then by Proposition 9.7 all coefBcients of the ending data = /i^g and 
v'^ = /x+g assigned to separated subsurfaces are bounded by m, now since there 
is no separated subsurface is in the list {^'''^(/^(j))}^ then the ending data is 
m— narrow. Let K and C be the constant from Proposition [5T6] 

Let r be the WP geodesic ray with same ending data and prescribed itinerary. 

Let Ci — >■ be a decreasing sequence going to and -> 00 be an increasing 
sequence of integers going to 00 such that 

fci > Ks{m, m, m, e^) + C 

where s is the constant from Theorem |7.2[ note that for fixed m, 

s(m, TO, TO, Ci) — > 00 as ei — >■ 

Then as we saw in the appendix along the infinite hierarchy given by the func- 
tion q and the sequence {e^ji as above, each Zi = X''''^{fg(^i)) has M— bounded 
combinatorics over an interval of length at least s(to, to, m,ei). 
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Figure 7: Illustration of a more general intersection pattern of component do- 
mains a hierarchy path p with diverging corresponding ray rpi Over each red 
subinterval a non-separated domain has bounded combinatorics. For each i, 
Jzi n Jzi+2 7^ ^ because a non-separated subsurface Zi^i of Zi f] is a com- 
ponent domain, ^i+i has bounded combinatorics over the corresponding red 
subinterval. The red subintervals get longer and longer forward in time. 



Now Theorem 7.2 implies that there are times ti < ... < ti < i^+i < ... such 
that 

Moreover, it is easy to check that any two consecutive domains Zi and Z^+i 
have a boundary curve in common, so by convexity of length-functions 

(■dZi{r{t)) < ti for aU t e [ti,U+i] 

Now since the intervals [tj,ti_|.i] cover [0,cx)) and — ?► the WP geodesic 
ray diverges in Teichmiiller space which implies that its projection to the moduli 
space also diverges. 

Further the forward ending lamination of Vp is minimal filling because the 
main geodesic of p is an infinite geodesic ray in C{S), which determine a minimal 
filling lamination in the Gromov boundary of C(S'). 

7.3 Closed geodesies in the thin part 

In this subsection we provide examples of closed Weil-Petersson geodesies 
which stay in the thin part of moduli space. Theorem in the introduction 
follows from our construction, because any compact subset of moduli space /C 
is contained in the e — inlxeic thick part of moduli space. 

Let curves ai and a2, sub-surfaces Xi, X2 and X3 and pseudo-Anosov maps 
/i, /2 and /a be as in the previous subsection. Let function g : N — > {1, 2, 3} be 
defined as q{i) = i (mod 3), moreover let e : N N be such that e,; = e^+s and 
for j = 1, 2, 3 Ci be large enough such that 

fCi > K 3(171, m, ■m,e) + C 

then the corresponding WP geodesic stays in the e— thin part of moduli 
space. Therefore its projection to the moduli space which is a closed WP 
geodesic stays in the e— thin part of moduli space. 
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7.4 A recurrence criterion 



The following criterion is a straightforward consequence of Corollary |6.10| 



and Theorem 7.2 Given constants A, R and R' recall the constants s = s(A, R) 
and e — e(A, i?, R') form the corollary and let L — Ks + C where K and C are 
the constants from Proposition |5.16[ 

Theorem 7.4. (Recurrence cirterion) Let p be an A— narrow hierarchy path, 
let Ik be a sequence of intervals of length at least L over each of which S has 
(R, R') — bounded combinatorics. Then the ray with prescribed itinerary and the 
same ending data is recurrent to the e— thick part of moduli space. 

Here we give a construction for which this criterion applies. 

Let {Xi}2^^ be a collection of non-separated subsurfaces of S and Xi — S, 
pseudo-Anosov maps such that fi is supported on Xi. Let q : N 

{1, 2, n}, also constants M and f = mini=i^....„ T{fi) be as in the appendix. 
Assume that for a sequence of integers {ik}k, qi'ik) = 1 then /^(i^) is supported 
on S. Now by the above theorem and if e^j. be large enough such that 



TCij. > Ks{'m, TO, to) + C 

then the geodesic ray corresponding to q and e is recurrent to the e{m, to, to) 
thick part of moduli space. 

Note that if X2 C 5 be a proper subsurface S and for another subsequence 
jk liik) = 2, then if Cjf, — >■ 00 the ray corresponding to q and e is recurrent but 
no compact subset of moduli space contains this ray. 



8 Asymptotic class of rays with narrow ending 
data 

In this section we use the ruled surface arguments similar to jBMMlO] to 



prove Theorem 1.3 which is the ending lamination theorem for WP geodesies 



with narrow ending data and bounded annular coefficients. 

Theorem 1.3. The strong asymptotic class of a WP geodesic ray with nar- 
row ending data and bounded annular coefficients is determined by the forward 
ending lamination . 

This theorem is a generalization of Brock, Masur and Minsky's Recurrent 
ending lamination theorem in jBMMlO] . asserting that the strong asymptotic 
class of recurrent WP geodesic rays to a compact subset of moduli space is de- 
termined by the forward ending lamination. These ending lamination theorems 
are partial results toward a parametrization of the visual boundary of the WP 
metric in terms of laminations. 
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8.1 Bounding annular coefficients 

Let Tp be a WP geodesic ray with prescribed itinerary with narrow ending 
data with bounded annular coefficients, we show that given a > and e > 
sufficiently small there is a subinterval of length at least a of any long enough 



subinterval of Vp over which Vp visits some U^^i region. By Theorem 7.2 we only 
need to find long enough subintervals of the hierarchy path p where a domain 
Z has bounded combinatorics. 

Lemma 8.1. Given an increasing function F : M^o there is a constant 

L, depending only on F and the topological type of S with the following property: 
Let p : [m,n] — >■ P{S) be a hierarchy path, let a subinterval [m',n'] C [TO,n] 
has the property that for any subsurface Z and any R > any subinterval of 
[m',n'] where Z has non-annular R— bounded combinatorics has length at most 
F{R). Then 

n — m < L 
Proof. For each 1 < i < £,{S) define 

• Xi — max{dy (p(to'), -.Y Q S is non-annular and ^(F) < z} 
For each 1 < i < ^(5) if there is a non-annular subsurface Z with S,{Z) = i 



such that dz{p{m'),p{7i')) > F{xi-i) + 2M2 then by Theorem [2Tl] (4), (5) 
\Jz n [rn',n']| > F{xi-i). Thus Z has non-annular bounded combina- 

torics over the subinterval Jz n [m',n'] of length at least F{xi-i) which is not 
possible by the assumption of lemma. Thus for every Z with ^(Z) = i we have 
dz{p{m'), p{n')) < F{xi^i) + 2M2, now since 

Xi = maxjxi-i, max dz(p(m'), p(n'))} 

Z:i{Z)=i 

we get the following bounds: 

Xi < maxjxi^i, F(a;.i_i) + 2M2} for every 1 < i < C(S') 

for simplicity we let f{x) = max{x, F(x) + 2M2}, then using the above inequal- 
ities inductively we get 

X, </«(0) (8.1) 
for every I < i < ^{S) 



Moreover, from the layered structure of hierarchies and Theorem 2.11 (5) we 
get 

n' -m' < Y[ (xi + 2M2) 

i=0 
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(see |Min01| Theorem 5.1 for a discussfon about the above bound). Thus by the 



bounds (8.1 ) we get 

n' -m' < n (Z^'HO) + 2M2) 

4=0 

which is the desired bound on the length of [TO',n'] only depending on F and 
the topofogical type of S. 

□ 

Lemma 8.2. Given positive constants A, a, R' and e < e, there is L' > with 
the following property: 

Let p : [0,00) P{S) be a hierarchy path with A— narrow ending data with 
R'— bounded annular coefficients. Let rp : [0,oo) — Teich(S') be the ray pre- 
scribed with the same ending data, then for any subinterval of length at least L' 
there is a non-separated domain Z such that rp visits U^^^{dZ) over an interval 
I = [i^,t^] of length at least a. 

Proof. Let K and C be the constants from Proposition |5.16[ Define 
F{x) = max{X(2s(A, x, i?', e) + a) + C, A} 



where s is the function from Theorem 11.51 

Take a subinterval of the ray of length at least L' = KL + C, then Lemma 



8.1 implies that there are i? > 0, subsurface Z and an interval /' C [0,00) 
with |/'| > F{R) such that Z has non-annular i?— bounded combinatorics over 
/'. Moreover, since p is ^—narrow by the definition of F the subsurface Z is 
non-separated. 

By the assumption of the lemma we have the bound R' on the annular 
coefficients over [m',n']. Therefore, Z has (_R, i?')— bounded combinatorics over 
[to', n'], thus the lemma follows form the bounds on length-functions in Theorem 
[7:21 □ 

In the following corollary we consider the case that p has an infinite geodesic 
in a proper subsurface Z C. S. 

Corollary 8.3. Let p : [0, 00) — > P{S) be a half-infinite hierarchy path as in 
the previous lemma with an infinite tight geodesic in C{Z) {Z C. S). Let rp be a 
WP geodesic ray . Then 

tdz{.r(t)) 

as t 00. 

Proof. By the previous lemma if we let for longer and longer subintervals 
along p there are subsurface Zk such that infjg/^ ^dZk^pit) < Cfc -> 0. Moreover 
by the A— narrow condition each subsurface Zj, is non-separated, also by the 
structure of hierarchy paths for every k sufficiently large dZ C dZ^. Thus the 
the corollary follows from the convexity of length-functions. □ 
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8.2 Strongly asymptotic rays 

In this subsection we continue to prove Theorem |1.3[ Our strategy is the 



same as }BMM10| . In the narrow visibility theorem, Theorem 8.9 we show 
that given a WP geodesic ray fp with prescribed itinerary with narrow ending 
data with bounded annular coefficients and r' a geodesic with the same forward 
ending data and not strongly asymptotic to rp there is a bi-infinite geodesic g 
asymptotic to rp in the forward time and to r' in backward time. In Theorem 



8.7 we show that g is actually strongly asymptotic to rp. These together will 
lead to a contradiction to the convexity of the length of measured laminations 
along the WP geodesic g, so we conclude that rp and r' are strongly asymptotic 
and the forward ending data determines the strong asymptotic class of ray with 
narrow ending data and bounded annular coefficients. 

The main new ingredient here is a kind of geometric limit argument which we 
use to produce infinitely many regions with a definite total curvature marching 
off to infinity along Vp on ruled surfaces consisting of smooth families of geodesic 
segments orthogonal to rp. In [BMMll] the recurrence to the thick part was 
used to produce such regions. Although the sectional curvatures of the WP 
metric are not bounded away from this technique helps us to prove visibility 
of this class of rays, for some standard visibility arguments see |Ebe72j . 

Definition 8.4. Two geodesic rays r, r' : [0, oo) — > A" in a metric space parametrized 
by arc-length are asymptotic if there are d and T positive such that for every 
t > T: 

d{r{t),r'(t))<d 
r and r' are strongly asymptotic if 

d{r{t)y(t))^Q 

as t — ?> oo 

Here we present some results about ruled surfaces in negatively curved 
spaces. 

Let r : / — > A" be a geodesic in a complete non positively curved Riemannian 
manifold or orbifold (for example moduli space equipped with WP metric), let 
7?. be a ruled rectangle obtained from a smooth family of geodesic segments of 
length at least 5 orthogonal to r{I). 

For every s S [0, S\ let Is be the length of the path of equidistance s from 
r{I) in 7?,, and let Us : [0, 1] — > 7?. be paramctrization of this path by constant 
speed Ig. 

Let u : [0, 1] x [0, (5] — > A" be the paramctrization of TZ defined by u{t, s) = 
Us{t). For every t € [0, 1] we denote the path u{t, .) by tt* : [0, 5] — )■ TZ. 

The family of paths m' and Ug consist respectively a vertical and a horizontal 
foliation of TZ which are orthogonal to each other, see Figure [Sj 

Let ps : Us{[0, 1]) — ^ uo{[0, 1]) be the projection obtained by following the 
ruling geodesic paths u*. 
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For every s G [0,6] denote by ij,ti,s the measure obtained by integrating the 
function kg{us{t)) on with respect to das the arc-length. Note that since 
each Us is concave in TZ the function kg{u{s)) is a positive. 

Define — luas^Q Ps*ilJ-Ti,s) where Ps^, is the push forward defined by Ps 
from the Lebesgue measures on Us([0, 1]) to the ones on ito([0, 1]). 

Given a subinterval /' C [0, 1] by the Gauss-Bonnet theorem (see |KH78) ) 
for u(I' X [s,S]) we have 



KdA + / kgda + 6*, = 27r 

Jdud'xls.Sl) 



u{I' x[s.5]) Jdu{I'x[s,5]) 

where the sum is over the exterior angles at the four corners of du{I' x [s, S]). 
By the orthogonality of foliations the exterior angles are each j which add 
up to 2n. Moreover, the sides ■u°([0,(5]) and u"([0, 5]) are geodesies in X and 
consequently the the intrinsic metric of TZ, thus we get 



+KdA — / kgdtts = / kgdao 

u{I'x[s,S]) Ju^{I') Juoil') 

Now taking limit as from the above equality e — > we get 

fi-ji = —KdA + lini / kgdtts 

J Ju{I'xls,S]) "^'^Jus 

but hm^^o Iu,(i') kgdus = thus we have 



/ 

J U 



^in^ -KdA + / fin (8.2) 

r{I') J Ju{I'x[s,S]) Juoil') 

By the CAT(O) comparison for the rectangle u{[t',t] x [0,s]) the distance 
between any two geodesic segments it' (s) and u'(s) is increasing in s, thus 
Is > Is' for s' < s. 

Lemma 8.5. For any I' Q I and s £ [0, S] let 



— ndA + / fi-ji 

u(/'x[0,s]) Jr(I') 

Then (jj is an increasing function in s and 

ns) > 

s 

Proof. The fact that (f) is an increasing function in s follows from ~k > 0. 
Here we prove the following integral formula: 
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Figure 8: The ruled rectangle TZ, the vertical path are the equidistant paths 
from r{I) and horizontal paths are the ruling geodesic segments which consist 
a pair of orthogonal foliations for TZ. 




The first equality is the fundamental theorem of calculus applied to Is as a 
function of s. 

The second equality holds by the first variation of arc-length formula for an 
orthogonal variation of paths, see for example |CE08| page 4, where kg{us{t)) 
is the geodesic curvature of the path Ug at the point Us{t) in the ruled surface 
TZ. Here da^ is the arc-length element along Ug. 



The last equality holds by (8.2) 



Now by the formula (8.3) and since (f>{s) is an increasing function for every 
s e [0,S] we have 

ls~lo<(l)is)s (8.4) 
Therefore, <j){s) > and the lemma follows. □ 

Remark 8.6. If the ruling extends to a ruled surface containing r{I) in its 
interior then the second term in 0(s) vanishes. Defining the measure fi-n and 
the rather long argument above meant to handle the possibility that the ruling 
does not extend which could be the case in the following theorems. 

Now we continue to prove our results in the setting of the WP metric. 
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Theorem 8.7. (Asymptotic =^ strongly asymptotic) 

Let Tp he a WP geodesic ray with prescribed itinerary with A— narrow ending 
data and hounded annular coefficients. Then any WP geodesic ray r' asymptotic 
to rp is also strongly asymptotic to Tp. 

Proof. For simplicity of notation we denote rp by r. Assume that r(t) and r'(t) 
are parametrized by arc-length. 

We may assume that there is (5 > such that the distance between r{t) and 
r'{t) is bounded below by S, otherwise r' and r would be strongly asymptotic. 



Lemma 8.2 implies that given A,a>0 and a sequence — >■ 0, there are 
time intervals Ik ~ [t^, t^] length a (we can always assume that the intervals 
are of length a because a priori they have length at least a) and non-separated 
subsurfaces Zk such that r(Jfc) C Ue^.tidZk), moreover < fj^,. 

Now consider the ruled surface 9i„ C Teich(S') as follows: consists 
of a smooth family of geodesic segments orthogonal to the geodesic segment 
(r(O)r(n)) from (r(O)r'(n)) U (r'(n)r(n)), see Figure [9j 

In what follows we set up a technique to produce a family of ruled rectangles 
on the ruled surfaces U\n with the property that all of them have a definite 
negative total curvature. These rectangles have one side r{Ik) and march to 
infinity along r. 

We denote the projections of r and r' to moduli space, respectively by r and 
r' as well. 

First note that A^(S') is compact and each r\j^ : [0, a] — ?> M{S) is 1— Lipschitz 
(each one is a geodesic segment), thus r|/^ is an equicontinuous family of 
maps, and therefore by the Arzela-Ascoli theorem (see |Mun75| ) after possi- 
bly passing to a subsequence converge point-wise as parametrized geodesies to 
a geodesic segment r : [0,a] M{S). Lifting the picture to Teich(S') since 
r(/fc) C U^^ i{dZk) for non-separating multi-curves dZ^ and ^ Oi thus 
f([0, a]) C S((j) for a non-separating multi-curve a. 

Since the rays r and r' are not strongly asymptotic we may omit finitely 
many of Ik and assume that there is 5 > such that for each k the distance 
of the geodesic segments r{Ik) from r' is at least 5. To see this note that in 
a CAT(O) space the distance between any two geodesic rays is a monotonic 
function. 

Now for every n there is a collection of ruled rectangle TZk,n in 9^ri consisting 
of the terminal subsegments of the ruling geodesic segments of 5K„ of length 5 
with end point on r{Ik), let Uk,n ■ [0, 1] x [0,(5] — >■ 1H„ be the parametrization of 
TZk^n as in the discussion before this theorem, see Figure |9] Moreover, for every 
k and n as above define 



'Jk,n 



-KdA + / fiTi^ ^ 



We continue to show that for some Kq > 

(bk,n > Ko (8.5) 



70 



Figure 9: Building up negative curvature on the ruled surfaces ?l„. The bold 
subintervals r{Ik) C U^^^idZk) where is a non-separated component domain 
of the hierarchy path p. Ruled rectangle 'R-k,n consists of subsegments of length 
6 of the ruling geodesic segments of terminating on r{Ik). 



holds. 

The proof is by contradiction. First assume that for some s g [0, S\ and a 
sequence of pair of integers (fc^, n.i) 

{*)4'ki,ni — as i — > oo 

To simplify notation in the rest of the proof we denote Uki^m by Ui, (f>ki,ni 
by 4>i, also for any s e [0,6] denote Uk^^n,,s by u,^s and lk,,n,,s by k^s- 

First assume that for some s S [0, S] Ui^s is not equicontinuous, then there is 
e > 0, a sequence 6m ^ and a sequence of integers im such that 



moreover, li^^s6m > rfwp(wi„,s(i + <5m), Wi^,s(i)). Now for every m sufficiently 
large ^ — a> s thus Lemma 8.5 for the ruled rectangle Ui{[0, 1] x [0, s]) imphcs 
that 



-KdA + A^TC, > 1 

«i([oa]x[o,s]) Jui{[a,i]) 

moreover (/>i is larger than the left hand side of the above inequality, so we get 
the contradiction to (*). 

Thus in the rest of proof we can assume that for every s £ [0, 5] Ui^s is an 
equicontinuous family of maps, which imphes that m : [0, 1] x [0, 6] — M{S) is 
equicontinuous. Therefore by the Arzela-Ascoli theorem after possibly passing 
to a subsequence m converge point-wise to a map u : [0, 1] x [0,6] — > M{S). 
For definition of an equicontinuous family of maps and the statement of the 
Arzela-Ascoli theorem see |Mun75j . 

Recall that r[i^ limit into the e— thick part of S{a) so Ui,o|[o,i] which is a 
unit speed reparametrization of r[i^ limit into the e— thick part of S{a) as well. 
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By Lemma 3.5 there is a lower bound for the distance the of u\[a,i] and any 
stratum S(t) where t ^ a, thus there is e' < e, simplex a' C a and intervals 
Ii C [0, 1] and I2 C [0, 6] such that u{Ii x I2) lies in the e'— thick part of S{a'), 
see Figure [TOj 

iS(it') is totally geodesic thus by continuity of distances in a point-wise con- 
verging sequence Us|[o,i] is the path of equidistance s from the path itolio,!] in 
S{a'), we denote the length of Us|[o,i] by Ig. 

Moreover since a' is non-separating the sectional curvatures are all negative 
and bounded away from by some k' < in the e'— thick part of S{a'), see 
|Wol03) . 

Now using the comparison with CAT(k') space we have 

Is — a > as(— k') 

To see the above inequality, let Ig be the length of paths in an equidistant 
family as Us in a CAT(k') space with k' < 0. Using the Fermi coordinates (see 
|Kli78) ) one can see that Is = smh{—K'd)lo, then the above inequality follows 
since sinhx > x for every a; > 0. 

Now since Ui^s converge point- wise to Us, li,s — >■ ?s as i — > cx), so for every 
i sufficiently large li s ~ 'o,s = h.s — a > so Lemma 

rectangle Ui{Ii x I2) implies that 



5.5 



for the ruled 



J" i u 



-KdA > 



moreover 4>i is greater than the left hand side of the above inequality, so we get 
the contradiction to (*). 

So we are done with proving that the bound in (8.6 1 holds for all TZk,n- 



Remark 8.8. In the case that cr' — 0, we can get the contradiction alternatively 

as follows: for every k sufficiently large = u^.(s) is in some e' < e thick part 

of Teichmiiller space. Thus there are r > and k' < such that for every k 

sufficiently large the curvature on J\fr{qk) n TZk,n is bounded by k' . Moreover, 

the area ol Nr{qk) H TZk^n is at least tt^ so / (qk)r\Hk "^^"^ > 

thus again since (pi is larger than the left hand side we get the contradiction to 

(*)■ 

We continue to show that r and r' are strongly asymptotic. Assume they 
are not strongly asymptotic then for some So > and T 

dwpirit),r'{t)) > So 

for all t > T. Moreover, since r and r' are asymptotic there is d such that 
dwp {r{t),r'{t)) < d. Let S = ^ then the CAT(O) comparison for the ruled 
triangle fH„ shows that for n sufficiently large N the number of ruled rectangles 
TZk.n with hight S as above such that TZk.n C Uln would be made arbitrary large. 



Further by (8.6) we have the estimate 



72 




Figure 10: cr is a non-separating multi-curve and iti^o|[o,i] limit into the e— thick 
part of S{a). a' C a and Ui(Ji x J2) limit to the smaller ruled rectangule in the 
e'— thick part of S{a'). Moreover, each tti,s|/i limits to a path of equidistance s 
from Ui,o|/i 



-KdA + / > NKo 

JrdO.n]) 



lr{[0.n]) 

Here as in the discussion before this theorem /ZfR is defined as the limit of push 
forwards of measures obtained by integrating geodesic curvature of equidistant 
paths in 1H„ along the ruling geodesies in 9^„. 

Moreover, by the Gauss-Bonnet theorem the left hand side is bounded above 
by TT independent of N, so we get the upper bound for N. 

This contradicts the observation above that N would be made arbitrary 
large. 

Now since > was arbitrary we conclude that the rays r and r' are 
strongly asymptotic. □ 

Theorem 8.9. (Narrow visibility) 

Let rp be a WP geodesic ray with prescribed itinerary with narrow ending 
data and bounded annular coefficients, let r' be a WP geodesic ray with the same 
forward ending lamination which is not strongly asymptotic to r. Then there is 
a bi-infinite geodesic inside Teichmiiller space which is strongly asymptotic to 
rp in forward time and asymptotic to r' in backward time. 

Proof. Again for simplicity we denote rp by r. Let r and r' both be parametrized 
by arc-length. Since the rays r and r' are not strongly asymptotic we may omit 
finitely many of Ik and assume that there is (5 > such that for each k the 
distance of the geodesic segments r{Ik) from r' is at least S. To see this note that 
in a CAT(O) space the distance between any two geodesic rays is a monotonic 
function. 

For any integer n > let the rued surfaces 9^„ be as in the previous theorem 
and denote by gn the parametrization by arc-length of (r(n)r'(n)). We define 
Uk,n ■■ [0,1] X [0,6] M{S) and nk,n = Ufc,„([0,l] x [0,6]) C 9l„ as in the 
previous theorem, and define 4>k,n = J J-fi^ —ndA + Jr(i^ ) f^Uk „• 

Then as we saw in the previous theorem. Theorem |8 7[ there is Kq > such 
that 

(t>k,n > Ko (8.6) 
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We continue to show that after possibly passing to a subsequence there are 
parameter values tn for which gn{tn) converge to a point z G Teich(S'). 

Let T > be such that d{r{t),r'{t)) > S for every t > T. We claim that 
there is k such that TZj^ 9^'- ^ ^ ^'-'^ every sufficiently large n. 



Assume that g„ CMZk^n — for every k < N then TZk.n C 5H„. Thus by (8.61 
we get the following estimate 



-KdA + / ^<K„ > NKo 

JrdT.n]) 



m„ Jr{[T,n]) 

Further by the Gauss-Bonnet theorem the left hand side is bounded above 
by TT independent from N, so we get the upper bound for TV. 

Now if there is no k such that all intersect TZj^ then N can be made 
arbitrary large and we get a contradiction to the upper bound above and the 
claim follows. 

Let z„ = gn{tn) be the intersection points. Then z„ lie in the s tubular neigh- 
borhood of r{Ij_) which is a compact subset of Teich(S'), therefore after passing 
to a subsequence we may assume that z„ converge to a point z G Teich(S'). 

Now we proceed to show that the geodesic segments gn converge to a geodesic 
passing through z. We claim that if we reparametrize gn by arc-length such 
that (7n(0) — z„ then for each t e [0, oo) the sequence {gn{t)}n is Cauchy. 
To see this let be the geodesic segment joining z to r{n) parametrized by 
arc-length, then choose Nt such that d{z,r{n)) > t for each n > Nf. Now 
d(hn{t), gnit)) < d{zn, z) — as 71 oo thus the claim follows from a CAT(O) 
comparison for the triangles A(zz„r(n)). 

A similar argument shows that for each t G (— oo,0] {gni~t)}n is Cauchy. 

Therefore f/„ limit to a piece-wise geodesic 3 : K — >• Teich(5) as parametrized 
geodesies. Moreover by Proposition 8.2 in I BH99| IL8 g is a bi-infinite geodesic 
in Teich(5). 

Moreover by the construction (7+ = ffl[o,oo) is asymptotic to r and g^ = 



I [0,-00) is asymptotic of r'. Also as we saw in Theorem 8.7 g~^ is actually 
strongly asymptotic to r and the lemma follows. 

□ 

Proposition 8.10. Let rp he a ray with prescribed itinerary with narrow ending 
data {v~ ^v^) and bounded annular coefficients. Let fi be a measure supported 
on . Then the length- function l^{rp{t)) is hounded. 

Proof. As Lemma 4.5 in [BMMIO] we consider the ray f as follows: 

By the structure of hierarchy paths = i/' e £C{Z) where Z C S. Let 
Sy' denote the simplex of projective classes of measures on v' in 'PA4C{Z), 
and let fi e MC{Z) be a representative of the projective class determined by 
a point in the interior of the top-dimensional face. Then /x is a positive linear 
combination of all ergodic measures on f' . Let 7„ be a sequence of simple closed 
curves for which the projective classes [7„] converge to [/t], and let r„ = [x, z„] 



where Zn G 5(7„). Since 7„ are pinching curves for r„, Lemma 3.14 implies 



that any limit f of a convergent subsequence of r„ has the property that fi 
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has bounded length along f. Since /t is a positive linear combination of all the 
ergodic measures on it follows that each ergodic measure on has bounded 
length along f. Hence, any measured lamination representing a projective class 
in E has bounded length along f since each is a linear combination of ergodic 
measures. 

r is an infinite ray in S{dZ), since otherwise f would have a pinching curve 
7 with t(7, jl) > 0, violating the length bound on jj, along f. 

Let j2 be any ending measure for rp then p, decomposes to a measure with a 
projective representative in S and a measure on dZ, thus has bounded length 
along f. 

Now observe that Vp and f are strongly asymptotic to each other, since 



otherwise Theorem 8.9 implies that we have a bi-infinite geodesic g asymptotic 
to Tp in forward time and asymptotic to r in backward time along which jl 
has bounded length, which contradicts the convexity of the length-function of 
jl along g. 

Now fi decomposes to a measure /x' supported on v' which is represented in 
S and a measure supported on dZ. Since Vp and f are strongly asymptotic fjf 



has bounded length along rp, moreover by Corollary 8.3 

idzirpit)) ^ 

as t — ?> cxD, thus the component supported on dZ also has bounded length along 
Tp. Therefore /i has bounded length along Vp and the proposition follows. □ 

Proof of Theorem \1.3\ Assume that r and r' are not strongly asymptotic. Then 



by Theorem 8.9 there is a bi-infinite geodesic g strongly asymptotic to r 
forward time and asymptotic to r' in backward time. 

Let fj, be an ending measure of r' obtained as a weighted limit of Bers curves 
at {r'(n)}„. Then since .g„ has left end point r'(n), /i is an ending measure 



of g~ — g|[o,-oo) well. Therefore by Lemma 3.13 it has bounded length in 
backward time along g. 

Moreover, since the forward ending lamination of r' is /i is supported on 



thus as we saw in Proposition 8.10 fi has bounded length along r as well. 



Now since r and g+ = .g|[o.oo) a-re strong asymptotic by the continuity of 
length-functions fi has bounded length along 17+. 

Therefore, the measured lamination has bounded length both backward 
and forward along g which contradicts the convexity of the ^—length-function 
along WP geodesies. The theorem follows from this contradiction. 

□ 



9 Appendix : Ending data with prescribed sub- 
surface coefficients 

Our purpose in this appendix is to provide ending data, pairs of partial 
markings or laminations, with a given list of large subsurface coefficients. We 
borrow several ideas and notations from [CLM12j . [Sun]. 
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We start by recalling the following two results about the action of psuedo- 
Anosov maps on the curve complex of a surface and its subsurfaces. 

Theorem 9.1. \MM0Oj 

Let f be a pseudo-Anosov map supported onY Q S , then there is a constant 
m{f) depending on f , such that for any subsurface W ^ Y and any partial 
marking fi we have: 

max{dw{^J■, f^fJ-) : e E Z} < m{f) 

Theorem 9.2. IMM99I 

Let f he a pseudo-Anosov map supported on Y <Z S , then there is the posi- 
tive number Tyif), called the translation length of f such that for every partial 
marking fi and e G Z we have: 

dy(/.,/»>ry(/)|e| 

Let {Xi}^^^ be any finite collection of subsurfaces of S including annuli, also 
assume that any two of them are either nested or overlap. For each i, let fi be 
a pseudo-Anosov map supported on Xi. We continue to set up some definitions 
and notations: 

Let q : {1,2,.. .,k} — > {l,2,...,n} and e : {1,2, ...,fc} — > Z, wc set up the 
following sequence of subsurfaces of S, for each i = 1, ...,k let 

Moreover, for each i let j be the largest index such that j < i and rh 
X?.'^ (/,(,)), and define M,-,e(0 = 9X«.- (/,(,)). 

Similarly, let j be the smallest index such that j > i and X'^''^(fq(^j)) rh 
X?.^ (/,(,)), and define = (/,(,)). 

Let /g.e = : /ig = 0} and let /i^ g be any partial marking containing 
{dXi'^ifg^,)) : i e /,;g}. Similarly, let Tg], = {i : = 0} and let ^i+g be 

any partial marking containing {9X'?''^(/^(j)) : i G Tq ,,}. 

For any i if both fJ-q ^{i) and /i^e(i) are non empty then we call i an interior 
index. 

Now we are ready to state the following lemma of Brock, Masur and Minsky. 
This lemma and its generalization appear in [Sunj . 

Lemma 9.3. (Local to Global lemma) There are constants Mq and Lq depending 
only on the topological type of S with the following property: Given q, e let 
Zi = Then for an interior index i i/ d^. (/i^g(z), /ije(i)) > Mq then 

dz^il^q^e, IJ-te) ^hLo d Z Al^-q A^) : l4 A^)) 

The following propositions are consequences of the Local to global lemma. 
In the rest of this appendix we assume that q and e are such that the collection 
of surfaces {X'?''^(/^(j-))}*Lj^ fills the surface S, that is every subsurface F C 5 
overlap at least one subsurface in the collection, also let M — max{Mi, M2, Bo}- 
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Proposition 9.4. (Large domains) Given q and e let Zi = There 
is a L > such that for any interior index i we have 

dzAt^q^e^ l^te) f\e,\ (9.1) 

where f = minimi, .. rx.(/i). 



Proof. First we establish the lower bound in (9.1 1. 

Claim 9.5. There is L' > for which dzXlJ-q.ei'^) ^ l^qA'^)) - ~ ^' 

Note that if the claim holds and if |ei | be large enough such that f je.; | — Lq > 
Mq then the local to global lemma applies and we get 



which gives the lower bound in (9.1 1. 

By the definition of /^Je(i) there are j and j' such that dZj = Mg^e(*) ^^'^ 
^ Mje(*)- Let a = f^-^y -fillip) applying a'^ we get 



dzAdZj.dZ, 



in the above expression c = Ilj<^'<^ fq(t') and c' = U^<^'<,' fq([' y 



(9.2) 
Now the 



triangle inequality in C(Xq(i)) implies that the right hand side of (9.2 ) is bounded 
below by 

{fll^c'dXqt^jyc'dXq^y-^) - d^,,,, {c' dX q^y) , cdX q^^^) (9.3) 

We claim that the second term in ( |9.3[ ) is bounded above by £,{S)fri, where 
fh = maxi=i^....„ m{fi). By the triangle inequality it is bounded above by 



where c" = f^^f^c' , now since = supp(/q(i')) ^ Xq(^i) Theorem 



9.1 



implies 

that the first term above is bounded above by to, so we are left with thie term 

C^X,(,)(c"aX,(j,),caXg(j-)) 

Now by repeating the procedure we used to bound from above the second 
term in (9.3) noting the fact that for each i', supp(/q(i/)) ^ ^qii) our claim 
follows. 

Moreover, by Theorem 9.1 the first term in (9.3) is larger than TXg^ij{fq{i)) 
thus for L' = ^(5)771 Claim follows. 



To get the upper bound in ( |9.1[ ) note that the right hand side of ( |9.2[ ) is 
bounded above by 



^^,(.) ifqk9Xqif),c'dXq^j,)) + d^,,,) {c' dX qf^^ry cOX q(^f)) 
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then the exact same argument as before gives us the bound f\ei\ for the first 
term and L' for the second term in the above expression and the upper bound 
follows. 

□ 

Proposition 9.6. (Order of domains) Given q and e, let Zi = X'^''^{fq(i-j). If 
i < j and Zi fh Zj then Zi < Zj in any hierarchy path between /i^^ and fJ.^^- 

Proof Let = ^[{i,...,;} and Ci^t = e|{i,..._i} then C fi^^^ and dZ^ C 



g.^^. Thus Proposition 9.4 for qint and Cint implies that 



dzAtJ'q,e,dZ.j) T\ei\ 

so for \ei\ sufficiently large we get dzj{dZi, fi^^) > M. 

Similarly, considering qter = q\{j k} and eter = e|{j,...,fc} we get {dZj,fi+^) > 

M. 



The above two inequalities as we saw in Proposition 2.14 imply that Zi < Zj 

□ 



in any hierarchy path between ^ and fj,^ 



Proposition 9.7. Given q and e, let Zi ~ X'^''^{fg(^i-^). There is a constant 
m > Ml only depending on the pseudo-Anosov maps {fi}^^i such that for any 
subsurface Z ^ {Zi}i^^ 

Proof. Let to = maxi=i^..._„ m{fi). By our assumption {Zi}i is filling, thus there 
is at least one index I such that Zi rh Z. If dz{p,q ^, fJ.'^ ^) < Mi we already have 
the bound, otherwise Z is a component domain of any hierarchy path between 
/i^g and /z+g. Moreover by Proposition 9.4 each Zi is a component domain of 



any such hierarchy path. In the case that there are at least two indices / and 
such that Zi < Z < Zi' pick two indices with I' — I < £^{S) then by Theorem 



2.11 (5) we have 



dz{l^g,e, M^e) < dzidZi,dZi,) + 2M2 

let a = fq(i)----fqli)^ applying to the right hand side of the above inequality 
we get 



da-iz(9X,(,),caX,(,,))+2Af2 

where c = ../^'^;r_\). 

We claim that the first term above is bounded above by £,{S)fh, to see this 
note that a^^Z ^ supp(/g(j)) for any I < j < I', thus the claim follows by 
applying Theorem |9.1| repeatedly. 

In the case that there is only one index / either Z < Zi and I < £,{S) or 
Zi < Z, in the first case we have 
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but then Theorem |9.1| appUes directly and implies that the first term above is 
bounded above by ^{S)M, because Z ^ supp(/g(j)) for any 1 < j < L The 
second case can be treated exact the same way by considering q' and e' defined 
respectively by q'{i) — q{k — i + 1) and e'(i) = e(fc — i + 1). 

□ 

Now we can put the above three propositions together and give a recipe for 
a hierarchy with a prescribed list of large domains. 

Start with subsurfaces {Xi}"^^, pseudo-Anosov maps such that for 

each i, fi is supported on Xi, and functions q : {1,2, ...,k} — >■ {l,2,..,n} and 
e : {1,2, ...,k} Z. 

Tq(l)■■■Jq{i--l}^<](^)^ 



Recall subsurfaces Zi — f'^},s...f'^l.^,-.Xqii\, and let t and L be as in Propo- 



sition 9.4 and m be as in Proposition 9.7 then the two markings and 
have tneiollowing properties: 
By Proposition |9.4| we have 

dzA^^q,e, fJ-t.e) ^1,L T\e^\ 



moreover, by Proposition 9.7 for any Z ^ {Zi}i we have 



The above bounds prescribe all the subsurface coefficients of the pair (/i^e; M^^e) 
and consequently all the large domains of any hierarchy path with ending data 

Moreover, Proposition |9.6| prescribes the partial order of Zi's in any hierarchy 
path with ending data (M^_e> M^e)- 

To generalize this construction to infinite hierarchies, let q : N — >■ {l,...,n} 
and e : N — ^ Z be any sequence of integers. Now consider hierarchies paths with 
ending data as above, where /i = fi^^ and /ij, = ^'^^ for the function 

^A; — '?|{i.2,....fc} (which is the restriction of q to {1, 2, k}) and — e|{i.2,....fe}- 
Then using what we have shown in the finite case we have: 

(i) Given i then dz-{iJ-, fJ-k) TUi for every k > i, and 

(ii) If Z ^ {Zi}i then dz{fJ.,fJ-k) < "ti for every k. 

After possibly passing to a subsequence [^k] — >■ [a^oo] in VMC[S). Therefore, 
|A*fc I — J' Ia^oo I U {finitely many isolated leaves} in the Hausdorff topology of closed 
subsets of S, see for example |CEG87| . The Hausdorff convergence implies that 

(^Zi(A*,Moo) Xl,! dzXl^,tJ.k)- 

By the above bounds for each subsurface Zi and k sufficiently large we have 

dz,(M;Moo) ^1,1 dzXi^,iJ.k) ^ix frii 
moreover, for every Z ^ {Zi}i 
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also order of domains is the same as the order of them in the finite case, that 
is if i < j and Zi rh Zj then Zi < Zj in any hierarchy path with ending data 



References 

[BDM09] Jason Bchrstock, Corncha Dmtu, and Lcc Moshcr, Thick metric 
spaces, relative hyperbolicity, and quasi-isometric rigidity, Math. 
Ann. 344 (2009), no. 3, 543-595. 

[Beh06] Jason A. Behrstock, Asymptotic geometry of the mapping class 
group and Teichmiiller space, Geom. Topol. 10 (2006), 1523-1578. 

[BF06] Jeffrey Brock and Benson Farb, Curvature and rank of Teichmuller 
space, Amer. J. Math. 128 (2006), no. 1, 1-22. 

[BH99] Martin R. Bridson and Andre Hacfligcr, Metric spaces of 
non-positive curvature, Grundlehren der Mathematischen Wis- 
senschaften, vol. 319, Springer- Verlag, Berlin, 1999. 

[BKMM12] Jason Behrstock, Bruce Kleiner, Yair Minsky, and Lee Mosher, 
Geom,etry and rigidity of mapping class groups, Geom. Topol. 16 

(2012), no. 2, 781 888. 

[BM08] Jeffrey Brock and Howard Masur, Coarse and synthetic Weil- 
Petersson geometry: quasi-flats, geodesies and relative hyperbolic- 
ity, Geom. Topol. 12 (2008), no. 4, 2453-2495. 

[BMMIO] Jeffrey Brock, Howard Masur, and Yair Minsky, Asymptotics of 

Weil-Petersson geodesies. I. Ending laminaiions, recurrence, and 
flows, Geom. Funct. Anal. 19 (2010), no. 5, 1229 1257. 

[BMMll] , Asymptotics of Weil-Petersson geodesies II: bounded geom- 
etry and unbounded entropy, Geom. Funct. Anal. 21 (2011), no. 4, 
820-850. 

[Bro] Jeffrey Brock, Ch,ains of flats and non-unique ergodicity of Weil- 

Petersson ending laminations. In preparation. 

[Bro03] Jeffrey F. Brock. The Weil-Petersson metric and volumes of 3- 
dimensional hyperbolic convex cores, J. Amer. Math. Soc. 16 (2003), 
no. 3, 495-535. 

[BuslO] Peter Buser, Geometry and spectra of compact Riemann surfaces. 
Modern Birkhauscr Classics, Birkhauser Boston Inc., Boston, MA, 
2010, Reprint of the 1992 edition. 



80 



[CEOS] Jeff Chccgcr and David G. Ebin, Comparison theorems in Rieman- 
nian geometry, AMS Chelsea Publishing, Providence, RI, 2008, Re- 
vised reprint of the 1975 original. 

[CEG87] R. D. Canary, D. B. A. Epstein, and P. Green, Notes on notes 
of Thurston, Analytical and geometric aspects of hyperbolic space 
(Coventry/Durham, 1984), London Math. Soc. Lecture Note Ser., 
vol. Ill, Cambridge Univ. Press, Cambridge, 1987, pp. 3-92. 

[CLM12] Matt T. Clay, Christopher J. Lciningcr, and Johanna Mangahas, 
The geometry of right-angled Artin subgroups of mapping class 
groups, Groups Geom. Dyn. 6 (2012), no. 2, 249-278. 

[CM06] Yitwah Cheung and Howard Masur, A divergent Teichmiiller 
geodesic with uniquely ergodic vertical foliation, Israel J. Math. 152 
(2006), 1-15. 

[DW03] Georgios Daskalopoulos and Richard Wentworth, Classification of 
Weil-Petersson isometrics, Amer. J. Math. 125 (2003), no. 4, 941- 
975. 

[Ebe72] Patrick Eberlein, Geodesic flows on negatively curved manifolds. I, 
Ann. of Math. (2) 95 (1972), 492-510. 

[Eck93] Jiirgen Eckhoff, Helly, Radon, and Caratheodory type theorems. 
Handbook of convex geometry, Vol. A, B, North-Holland, Ams- 
terdam, 1993, pp. 389-448. 

[Ham] Ursula Hamcnstadt, Closed Teichmiieller geodesies in the thin part 

of moduli space, arxiv. 

[Kla] Erica Klarreich, The boundary at infinity of the curve complex, 

Preprint, 1999. 

[Kli78] Wilhelm Klingenberg, A course in differential geometry, Springer- 
Verlag, New York, 1978, Translated from the German by David 
Hoffman, Graduate Texts in Mathematics, Vol. 51. 

[MahlO] Joseph Mahcr, Linear progress in the complex of curves. Trans. 
Amer. Math. Soc. 362 (2010), no. 6, 2963-2991. 

[Mas76] Howard Masur, Extension of the Weil-Petersson metric to the 
boundary of Teichmuller space, Duke Math. J. 43 (1976), no. 3, 
623-635. 

[Mas09] , Geometry of Teichmuller space with the Teichmuller met- 



ric. Surveys in differential geometry. Vol. XIV. Geometry of Ric- 
mann surfaces and their moduli spaces, Surv. Differ. Geom., vol. 14, 
Int. Press, Somerville, MA, 2009, pp. 295-313. 



81 



[McMOO] Curtis T. McMuUen, The moduli space of Riemann surfaces is 
Kdhler hyperbolic, Ann. of Math. (2) 151 (2000), no. 1, 327-357. 

[MinOl] Yair N. Minsky, Bounded geometry for Kleinian groups, Invent. 
Math. 146 (2001), no. 1, 143-192. 

[MinlO] Yair Minsky, The classification of Kleinian surface groups. L Models 
and hounds, Ann. of Math. (2) 171 (2010), no. 1, 1-107. 

[MM99] Howard A. Masur and Yair N. Minsky, Geometry of the complex of 
curves. I. Hyperholicity, Invent. Math. 138 (1999), no. 1, 103-149. 

[MMOO] H. A. Masur and Y. N. Minsky, Geometry of the complex of curves. 

II. Hierarchical structure, Geom. Funct. Anal. 10 (2000), no. 4, 
902-974. 

[Mun75] James R. Munkres, Topology: a first course, Prentice-Hall Inc., 
Englewood Cliffs, N.J., 1975. 

[PPIO] Jouni Parkkonen and Frederic Paulin, Prescribing the behaviour of 
geodesies in negative curvature, Geom. Topol. 14 (2010), no. 1, 
277 392. 

[PWWIO] Mark Pollicott, Howard Weiss, and Scott A. Wolpert, Topologi- 
cal dynamics of the Weil-Petersson geodesic flow. Adv. Math. 223 
(2010), no. 4, 1225-1235. 

[Raf] Kasra Rafi, Closed geodesies in the thin part of moduli space. In 

preparation. 

[Raf05] , A characterizaMon of short curves of a Teichmuller 

geodesic, Geom. Topol. 9 (2005), 179 202. 

[Raf07] , A combinatorial model for the Teichmuller metric, Geom. 

Funct. Anal. 17 (2007), no. 3, 936-959. 

[Ser85] Caroline Series, The modular surface and continued fractions, J. 
London Math. Soc. (2) 31 (1985), no. 1, 69-80. 

[Sun] Chun-yi Sun, Asymptotic geometry, bounded generation and sub- 

groups of mapping class groups, PhD thesis, Yale University, 2012. 

[Wol03] Scott A. Wolpert, Geometry of the Weil-Petersson completion 
of Teichmuller space. Surveys in differential geometry. Vol. VIII 
(Boston, MA, 2002), Surv. Differ. Geom., VIII, Int. Press, 
Somerville, MA, 2003, pp. 357-393. 

[Wol08] , Behavior of geodesic-length functions on Teichmuller space, 

J. Differential Geom. 79 (2008), no. 2, 277-334. 



82 



[WoUO] , Families of Riemann surfaces and Weil-Petersson geom- 
etry, CBMS Regional Conference Series in Mathematics, vol. 113, 
Published for the Conference Board of the Mathematical Sciences, 
Washington, DC, 2010. 

[Wu] Yunhui Wu, PhD thesis, Brown University, 2012. 

[Yam04] Sumio Yamada, On the geometry of Weil-Petersson completion of 
Teichmiiller spaces, Math. Res. Lett. 11 (2004), no. 2-3, 327-344. 

Department of Mathematics, Yale University, 442 Dunham Lab., 
10 HiLLHOUSE Ave., New Haven, CT, 06511 
E-mail address: babak.inodami@yale.edu 



83 



